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Abstract. It has been studied on parafree groups since 1967 [1]. Because of the close
relationship between groups and Lie algebras, we study some properties of parafree Lie
algebras that are analogous to those of parafree groups. We prove that the union of the free
Lie algebras of rank two is parafree and we employ this result to construct some parafree
Lie algebras with certain properties.
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1. Introduction

In [1,2,3,4] Baumslag has introduced the notion of parafree groups and has
obtained some results about parafree groups. Many questions about parafree groups
have remain unanswered. Baumslag has taken his result [5,6] on one relator groups
to formulate several of these questions for one-relator parafree groups. Because of
the close relationship between groups and Lie algebras, one would expect that
parafree Lie algebras enjoy properties that are analogous to those of parafree
groups. We have taken this opportunity to obtain some results about parafree Lie
algebras.

Parafree Lie algebras firstly arise in the works of Baur [7]. In 1980 Baur
following on his results about parafree Lie algebras, he has given an example of a
parafree Lie algebra which is not free [8]. In order to state his result, he has used
some results of [9]. They have answered certain questions and obtained basic
results which provide a solid understanding of the structure of parafree Lie
algebras. The aim of this work is to construct parafree Lie algebras of rank two
which have certain properties. We carry the formal arguments used in [2] over to
parafree Lie algebras. More exactly, the following theorem is proved.

Theorem 1.1. Let F be a free Lie algebra freely generated by the set {a,b}.
Then there exists a parafree Lie algebra P of rank two such that

)PV, (P)=F/V«(F), foreveryk>1,

ii) P is not free.

2. Notations and Definitions

Let L be a Lie algebra over a field k. The lower central series
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L=yi(L)2y2(L)2..2y (L) =2..
is defined inductively by y. (L)=[L, L], yn+1 (L) =[yn (L) , L], n>1.
If n is the smallest integer satisfying vy (L) = 0, then L is called nilpotent of degree
n. Let ny, na,,.. ,Nk be a sequence of positive integers with n; >1 for i=1,2,. . . k. We
define polycentral series of L, relative to this sequence, inductively by

Lnyng,my = Yy (Yni_l ( (an (L)) ))

for i<k. In case n1 =Ny =. .. =ni = 2 we Write Ly, », = 6'(L) and call it the i-th
term of the derived series of L. If m is the smallest integer satisfying 6™ (L) = {0}
then L is called solvable of degree m.

A Lie algebra is said to be hopfian if it is not isomorphic to any of its
proper quotients. A Lie algebra L is hopfian if and only if every surjective
endomorphism of L is an automorphism.

Definition 2.1. A Lie algebra L is called residually nilpotent if

(1w =0
n=1

equivalently, given any non-trivial element u€L, there exists an ideal J of L such
that ugJ with L/J nilpotent. We define here the notion of parafree Lie algebras.

We associate with the lower central series of L its lower central sequence:

L/’Yz (L) 5 L/’}'g (L) y e

We say that two Lie algebras L and H have the same lower central sequence if,
L/yn (L) = H/y, (H) foreveryn > 1.
Definition 2.2. The Lie algebra L is called parafree over a set X if,
i: L is residually nilpotent, and
ii: L has the same lower central sequence as a free Lie algebra generated by the set
X.

The cardinality of X is called the rank of L.

Let G be a Lie algebra. If there exists a parafree Lie algebra P such that
G=P/§' (P) then G is called a parafree solvable Lie algebra.
One of the crucial definition in this work is that the direct limit of Lie algebras.
Definition 2.3. Let | be a set with a partial order <. Then I is called a directed set if
for any elements i,j € I, there exists an element kel such that i<k and j<k.
Definition 2.4. Let (I, <) be a directed set, and let {A;}iei be a collection of Lie
algebras indexed by | and ¢;; : A; — A; be a homomorphism for all i,j €1 such that
i<j with the following properties:
i: ;; is the identity of A;, and
ii: @i= @i @;j forall i,jk €I such that i<j<k.

Then the pair ({Ai}ie,, {‘Pij}iq)is called a directed system over .

Definition 2.5. Let | be a directed set and let ({Ai}ie,,{<pij}i<j)be a directed
system of Lie algebras over I. The direct limit lim 4; is a Lie algebra L such
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that it is unique up to isomorphism and satisfies the following universal
mapping property:
i: Foralli,j €l and i5j there are mappings @;: Ai — L such that @;=@ ;°@;;
ii: If there is a Lie algebra C together with maps 7 : A; — C such that wi=m; °
@;j, for each igj, then there exists a unique Lie algebra homomorphism
m:L—C such that m=n ° ;.

To prove our main theorem we give an alternative definition of the
direct limit:

Let I be a directed set and let ({Ai}ie,, {o; j}i<j) be a directed system

of Lie algebras. The direct limit of this system is defined as the disjoint
union of the Ai’s modulo a certain equivalence relation > ~’ : Denote the set
of equivalence classes by U1 An/~ .

Here, if a; A; and a; € Aj, a; ~q;if there is some k €1, k> j, i, such
that @;,(a;) = @jx(a;). Clearly ~ is an equivalence relation. We will write
a; for the equivalence class for an element a; € A;. The set of equivalence
classes is a Lie algebra with the operation defined by

[a;, ] =[@i (@), pjk (@))].

This Lie algebra has the same mapping property as does the direct

limit. Hence

lim 4; =UiAi/~'-""'-' (1)

The proof of (1) is the same as in the group case (see [10]). A routine
exercise involving universal mapping properties shows that the direct limit of
a Lie algebra, if it exists, is unique up to isomorphism. Direct limits of
abelian Lie algebras is always exist.
Example 2.1. Let A be an abelian Lie algebra and let { A;}ici be the set of finitely
generated subalgebras of A. Then, by ordering I by i<j if A; S Aj, thesetlisa
directed set, since for any pairi,j, the algebra A;+ A; is both finitely generated and
contains A;and A;. If we let ;; : Aj — A be the inclusion map whenever i<j,

we have a directed system ({Ai}ie,,{q)ij}kj). Thus the direct limit lim A;
exists and lim A; = A.

3. Conclusion

Our major concern in this work is the existence of parafree Lie algebras with
certain properties.

Theorem 3.1. For i = 1, let F; be the free Lie algebra generated by the free
generators a; and b;. Then P = U, F; is parafree.

Proof. Let | be a directed set and F, = (a,, b,) be the free Lie algebra
generated by a, and b, for a € I. Consider the homomorphism 8,5 from F,
into Fs defined by
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Oap: as — ag + U,
be — b,
where ug € y2 (Fg), @, B € Lo < f. It is well known that if ug # 0, then 6,
(Fo) =Hg = (az + up, by) is a proper subalgebra of F;.
Wechooseus =0, ifa<pandus=0,ifa=p
Hence 8., = Idg, and for all @ < g <y, O, ° Oap = O, . This
provide us

({Fa}aeh {gaﬁ}oKﬁ)
is a directed system. Let P be the direct limit of this system. Thus, for o, € | and
a<p, there is a homomorphism 6., : F, — P such that 8306,5 = 6.
Now we consider the equivalence relation '~’ on Uy, F,, which is defined in the
definition of the direct limit. A short calculation shows that the set of the

equivalence classes Un=1 F“/~ is equal to Uj-, F,. Therefore by (1) we obtain
lim F, = Uy~ F,. Hence P maybe viewed as the union of its subalgebras F,. So

P=US_, Fy. oo (2)
In order to prove the parafreeness of P, we need the equality
Vn(P) = Uielyn(Fi)- """"" (3)

We prove this equality by recalling that P is the set of the equivalence classes, i.e.
P =1limF, = Upe F“/~. Then (3) follows from the definition of the Lie operation

on P and the definition of the n-th lower central term of P. By straightforward
computation we obtain

ﬁyn(P) - (ﬁmm)
n=1

iel ‘\n=1
Since the free Lie algebra of finite rank are residually nilpotent then

(V=0
=1

n=
for all i € I. Hence Ny=1¥n(P) = 0. Therefore P is residually nilpotent. We are
left with the proof that P has the same lower central sequence as a free Lie algebra.
Choose 0 + u; € y,(F;) and consider the subalgebra H; of F; generated by the set
W; = {a; + u;, b;}. W; is independent modulo y, (F;). This shows that W; generates
Fimodulo y. (Fi) . Now consider Fi/y; (F;) :

Fi/y2 (Fi) = (Fi/y(Fi)) / (72 (Fi) /pn(Fi))

= (Fi/yn(Fi)) 1 (2 (Fi) + pn(Fi)) /yn (Fi))

= (Fi/yn (Fi)) /y2 (Fi/yn (Fi)),

where n> 2. Since W, generates F; modulo y (Fi) then we get that W; generates the
nilpotent Lie algebra Fi/yn(Fi) modulo its derived algebra. It is well known that if a
Lie algebra N is nilpotent, then a set Y generates N if and only if Y generates N
modulo y. (N). Hence W, generates Fi modulo y, (Fi). Thus we have
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Fi= Hi+m (F). (4)
By the second isomorphism theorem we get
Fiyn (Fi) = (Hi + yn (F3) /yn (F)= Hil (Hi Nya(Fi)).
Clearly v, (H;) € H; Ny, (F;), so there is a natural homomorphism from Hi/y, (Hi)
onto Hi/Hi Ny, (Fi) for n=2,3,... Consider the following diagram which holds for
n=2,3,...
Hi/pn(Hi) — Hi/ (HiNya(Fi)) = Fiyn(Fi)
The diagram shows a homomorphism from Hi/yn(H;) onto a isomorphic copy of itself.
Since finitely generated free nilpotent Lie algebras are hopfian then the kernel of
this homomorphism is trivial. Hence
Hi/pn(Hi) = Fipn(Fi) = HilHi N yn (Fi).
Therefore
yn(Hi) =HiN yn(Fi) ......... (5)
Now suppose that a € P. Then for some i € I,a € Fi. By virtue of (4)
this implies
PCS Hi+ yn(Fi) S Hi+ yn(P).
Hence
P=Hi+ym(P)...... ... (6)
Therefore invoking (5) and (6), we have
Py (P) = (Hi + 70 (P)) /7 (P)Z HilHiNyn(P)= Hi/yn(H:)
for every n. So P is parafree. Let ni,n,...,nk be any positive integers. We will write
Vi (L) for the polycentral term Lng,n,...,n -
Theorem 3.2. Let F beafree Lie algebra freely generated by the set {a, b}. Then
there exists a parafree Lie algebra P of rank two such that
i: PIVK(P)=F/N(F), for every k>1,
ii: P is not free.
Proof. (i) Let I, F. and homomorphism 6,5: F. — Fs be as in the proof of the
Theorem 3.1. Now define f,z: Vi (Fy) — Vi (Fg) as restriction of 6,5 to Vi (F).

Clearly foq = Idy, (g, and fg,°fap = foy, Wherey > g > a.
{Vk(Fa)aEI:{faB}a<B}

is a directed system. Let P be the direct limit of the free Lie algebras Fi, i=1,2,....
S0 P = Uij¢; Fi. Of course Vi (P) = Uie Vi (F)).

Clearly the direct limit of the system {Vk(Fa)ae,,{faB}Kﬁ} is Ujer Vi (Fy). ie.
lim V. (F;) = U;e; Vi (F;). Hence by (2) we obtain

Let F be the free Lie algebra on a and b. Now consider the homomorphism
. F i
Po: Fy = /Vk F) defined as
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P aq > a+ Vi(F)
ba - b+ Vk(F)
It is clear that ¢, = @po8,p By the universal property of the direct limit there is a
unique homomorphism

7P >y

with ¢, = @°6,. Now we compute the kernel of ¢. Clearly the kernel of ¢, is
Vi (Fy). If x € Kerg, then ¢(x) = Vi (F).
Since P = U F; then x € F, for any a > 1. Using (6) leads x € V,(F,).
Therefore

Pa(x) = Vi (F) ... .. @)
Thus x € Kerg,. This shows that

Kerg = Ug-1 Kerg, = Ug=1 Vi (Fy) = Vi (P).

Hence,

P/Vk(P) = F/Vk(F)'
ii) If we take k1 and n; =2 in (i) we get V;(P) = y,(P) and P/Yz(P)

IR

F /y2 (F)" Hence we observe that P is parafree of rank two. Since P = Uy F, i

not finitely generated but p /y2 P) is finitely generated then P is not free.

Corollary 3.1. There exists a parafree Lie algebra P of rank 2 which satisfies the
following properties.

i: P is the union of free Lie algebras of rank two,

i: PIo'(P) =FId'(F),

iii: P is not free.
Proof. (i) and (iii) are immediate consequence of the Theorem 3.2. To prove (ii),
we put V. (F) = P,, , (Here, there are k times 2) in theorem 3.2. Using the pact
P,, , = 8'(P) yields the result.

yayaany
<=7
—_—
—_—

———

We carry Theorem 3.2 over to the following theorem.
Theorem 3.3. There exists a parafree solvable Lie algebra P of rank 2 such that
i:PIVi(P) =F/V(F), where F is a free solvable Lie algebra of rank two,

ii: P is a union of free solvable Lie algebras of rank two,
iii:P is not a free solvable Lie algebra.

The proof is straightforward and is omitted.
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PE3IOME

HccnenoBanusi mapacBoOOAHBIX Tpymmn Benuch eme ¢ 1967 [1]. U3-3a TecHOU

CBA3M MEXAy TrpymmamMu u anrebpamu Jlm, MBI n3ydaeM HEKOTOPBIE CBOHCTBa
napamopdHbIx anredp JIm, KoTopele MOXOAAT HAa Te W3 MapaQUTHBIX Tpymi. MEl
JIOKa3bpIBaeM, HYTO CO03 CBOOOAHBIX anreOp JIm paspsma mBa mapacBoOOAEH, W MBI
HCIIOJIB3YEM 3TOT PEe3yNbTaT YTOOBI IIOCTPOUTH HEKOTOPHIE IapacBoboaHbIe anreOpsl Jln ¢
OIIpeIeNICHHBIMH CBOMCTBAMH.

KoaroueBnie cioBa: Ilapamopdusie anredpsr JIu, cBoboansle anredpsl JIu, ocTatoyHo
HWIBIIOTEHTHAsI, HaIlpaBJIeHHAask CHCTEMA.
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