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Abstract. The separability properties of degenerate abstract convolution-elliptic equations
are investigated. Here the considered equation contains a certain parameter and we find
sufficient conditions that guarantee the separability of linear problems in weighted L p
spaces. In the present paper separability properties of degenerate convolution differential-
operator equations with parameter in vector-valued weighted spaces are obtained. By using
these results the existence and uniqueness of maximal regular solution of the degenerate
convolution equation is obtained in weighted L _p spaces. In application, the maximal
regularity properties of the Cauchy problem for degenerate abstract parabolic equation in
mixed L_p norms are established.
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1. Introduction

In a series of recent publications regularity properties of differential operator
equations, especially elliptic and parabolic type have been studied extensively e.g.,
in [1-4], [6,7], [10,11], [15-20], [23] and the references therein. It is well known
that the differential equations with parameters play important role in modelling of
physical processes. Therefore some authors are investigated this type of equations.
Differential-operator equations with parameters have also significant applications
in nonlinear analysis. Convolution operators in Banach-valued function spaces
studied e.g., in [12-14], [16], [18]. In [12] and [20] regularity properties of
degenerate convolution-differential operator equations (CDOEs) are studied.

In recent years, operator-valued Fourier multiplier theorems on diverse vector-
valued function spaces have been studied (see [8], [20], [23]). Fourier multiplier
theorems with operator-valued multiplier functions have found many applications
also in the theory of convolution equations, in particular elliptic CDOEs. They are
needed to establish existence and uniqueness as well as regularity for convolution
differential-operator equations (CDOES) in Banach spaces.

Note that, the CDOEs, in particular case, degenerate CDOEs with parameters are
relatively less investigated subject. The main aim of the present paper is to study
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the maximal Lp-regularity properties of the degenerate linear CDOEs with
parameters

Z Eqlg * DU+ (A+ 1) xu = f(x), X € R™, (D

|a|st

It is clear to see that the solution u of the problem (1.1) depends on
the parameter ¢ i.e.,u = u(e, x).
In application we obtain the well-posedness of the Cauchy problem
for degenerate parabolic CDOE
du
E-I_ Z £qlg * DU+ Axu = f(t,x),

|a|<l
u(0,x) =0,t € R,,x € R™, (2)
in E —valued mixed L, —-spaces, where | is a natural number,a, = a,(x)

are complex-valued functions, a = (aq,as,...,ay), aiare nonnegative
Xk

integers, € = (&,&--,&n)), Eq = ’,}zlskT, geare positive, A is a

complex parameter and A = A(x) is a linear operator in a Banach space E

for x € R™. Here, the convolutions a, * D“lu, A uare defined in the

distribution sense (see e.g., [2]), where y = y(x) is a positive measurable

function on 2 € R™ and

ai

. 0
plal = plelplel plenl - pledl (V(x)a_) _
Xi

X1 X2 Xn

Lp,(R}*%; E)denotes the space of all p-summable complex-valued
functions with mixed norm (see e.g., [5]), i.e., the space of all measurable
functions f defined on R?*1, for which

1
P1 Da

== P1
P
WL, (rp+eip) = f f If (&, 0% y(x)dx) | dt | < oo R}
R™ \R,
=R"X R, p = (p,p1)-

One of main features of the present work is that the convolution
equations are degenerate on some points of R = (—oo, o) and the equation
(1) has a certain parameter. In this paper, we establish the uniform
separability properties of the parameter dependent problem (1) and the
uniform maximal regularity of Cauchy problem for parabolic degenerate
CDOE with parameters (2). The main tools of this work is the theory of
operator-valued Fourier multipliers. Since the equation (1) has a certain
parameter, some difficulties occur.
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The present paper is organized as follows. The first section in this
paper contains an introduction. In section 2, we introduce the required
notations, definitions and basic properties of vector-valued function spaces.
Section 3, contains coercive estimates on E —valued weighted spaces.
Namely, we prove that for all L,,, (R™; E) there is a unique solution u(e, x)
of problem (1) and corresponding coercive uniform estimate hold with
respect to the spectral parameter A. Moreover, section 3 prepares for the
proof of the main result of this paper. In section 4, using the results obtained
in section 3, we establish the maximal regularity of (1) and we conclude that
the above Cauchy problem for the parabolic degenerate CDOE with
parameters has a unique solution satisfying coercivity estimates.

2. Notations and basic definitions

We start by giving the notation and definitions to be used in this
paper. Let us first some notions.

Let E be a Banach space and 2 be a domain in R™.
C(0,E)andC™ (; E) will denote the spaces of E —valued bounded
uniformly strongly continuous and m —times continuously differentiable
functions on £2, respectively.

Here, N denotes the set of natural numbers. Rdenotes the set of real
numbers. Let C be the set of complex numbers and

Se =1{4 1€C, largA| < @} U {0}, 0<op<m.

E;andE,be two Banach spaces and let B(E;, E,)denote the space of
bounded linear operators from E; to E,. For E; = E, = Ewe denote
B(E,E) by B(E).

D(A), R(A)and KerA denote the domain, range and null space of the
linear operator in E, respectively.

S = S(R™; E)denotes the E-valued Schwartz class, i.e. the space of
E —valued rapidly decreasing smooth functions on R™, equipped with its
usual topology generated by seminorms. S(R™; C)will be denoted by just S.

Let S'(R™; E) denote the space of all continuous linear operators,
L:S - E, equipped with topology of bounded convergence. Recall S(R™; E)
is norm dense in L, ,(R™; E)when 1 < p < oo,y € A, (see e.g., [9]).

The weight y = y(x) satisfy an A, condition, i.e., y € A,,p €

(1, 00) if there is a positive constant C such that
p—1

sup if y(x)dx if y_%(x)dx <C
Q |Q|Q |Q|Q

for all cubes Q < R™ (see e.g., [9, Ch.9]).
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The result [22] implies that the space [, for q € (1, ) satisfies
multiplier condition with respect to p € (1,0) and the weight functions
y(x) = [Tieqlxfor -~ < v <~ (p - 1).

An E-valued generalized function D%fis called a generalized
derivative in the sense of Schwartz distributions of the function f €
S(RYE) if

(Df, ) = (=D)*I(f,D%¢)
holds forall ¢ € S, @ = (a4, @3, ..., a,),Where a;are integers.

Let F denote the Fourier transform. Throughout this section the
Fourier transformation of a function f will be denoted byfandF=1f = f. It
is known that

F(DEf) = (i) .. (&)™, DE(F()) = Fl(=ixy)™, .. (=ix) ]
forall f € S'"(R™ E).

L, (12; E)denote the space of strongly E —valued functions that are

defined on £ with the norm

1

1F Ny, = Iflls, e = j IFGOIEy(@)dx | , 1<p <o,
n

“f”Loo_y(.Q;E) = ess igg[y(x)”f(x)”E],

where, ¥y = y(x),x = (xq,x,,...,x,) be a positive measurable weighted
function on a measurable subset 2 < R™. For y(x) =1, the space
L, (2; E)will be denoted by L,, = L,(2; E)

A closed linear operator A is said to be ¢ —sectorial (or sectorial for
¢ = 0) in a Banach space E with bound M > 0 if Ker A = {0}, D(A4) and
R(A) are dense on E, and ||[(A + A" |pEy < M|A|"Hor all A€ S,,¢ €
[0,7), where [ is an identity operator in E. Sometimes A + Al will be
written as A 4+ Aand will be denoted by A;. It is known (see e.g., [21,
81.15.1]) that the fractional powers of the operator A are well defined.

Let E(A?) denote the space D (A®) with the graph norm

1

lullpgoy = (el + [4%u[P ), 1< p <o, —c0<f<on

Note that the above norms are equivalent for p € [1, o).

Let A = A(x),x € R™be closed linear operator in E with domain
D(A) independent of x. The Fourier transformation of A(x) is a linear
operator with the domain D (A)defined as

Aulp) = A()u(®) for u € S'(R™; D(A)), ¢ € S(R™.
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A function ¥ € L,,(R™; B(Ey, E,))is called a Fourier multiplier
from in L, (R™ Eto Ly, (R™ E,) for p € (1,) if the map u - Tu =
F~ W (&)Fu,u € S(R™; E,) is well defined and extends to a bounded linear
operator

T:L,,(R"™; E1) = Ly, (R™; Ey).

A set K c B(E,,E,) is called R —bounded (see e.g., [6], [23]) if

there is a constant C >0 such that for all T,,T,,...,T, € Kand

Uq, U, ..., Uy € E;,m EN,
1 m m

f er(y)Tju,- dySCj Z r(My||  dy,

o ||j=1 E, o ||lJ= E,
Where{rj} is a sequence of independent symmetric {—1; 1} —valued random
variables on [0,1]. The smallestC for which the above estimate holds is
called the R —bound of K and denoted by R(K).

A Banach space E is said to be a space satisfying the multiplier
condition with respect to weighted function y and p € (1, ) (or multiplier
condition with respect to p € (1,) when y(x) =1) if for any ¥ €
™ (R™\{0}; B(E)) the R —boundedness of the set

{11710 w(©):€ € R™\(0}, B = (B Bor-. B). B € (0,1} }
implies that ¥ is a Fourier multiplier in L,, ,(R™; E).
A sectorial operator A(x),x € R™ is said to be uniformly
R —sectorial in a Banach space E if there exists a ¢ € [0, ) such that

sup R({[A()(A(x) + ENT1]: € € S,}) < M.

Note that, in Hilbert spaces every norm bounded set is R —bounded.
Therefore, in Hilbert spaces all sectorial operators are R —sectorial.
Leth € R,m € Nand e, k=1,2,...,nbe the standard unit vectors of
R™,
A (W) f (x) = f(x + hey) — f(x).
A(x)is differentiable if there is the limit

(a—A)u = limw, k=12,...n,u € D(4),
axk h—0 h

in the sense of E-norm.
LetE, and E be two Banach spaces, where E, is continuously and
densely embedded into E. Let [ be a natural number. W;V(R"; E,, E)denotes

the space of all functions from S'(R™; E,) such that u € L, (R™; E,) and

l
the generalized derivativesDju = 277 € L, (R™; E)with the norm
k
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n
— l
el e = Nl + D 1D,y < 0
k=1
It is clear that

Wpl,y(Rn;Eo;E) = Wpl,y(R"; E)n Lp,y(R"; Ey).
Wp[,g(R”;EO,E)denotes the space of all functions fromS’(R™; E) such that
u € L,(R™ Ep) and ply € L, (R™; E)with the norm

n
_ . [1]
”u”WzEf]y(R":Eo,E) = lutlley rmsey) + kz_l ”Dk u”Lp(R”;E) =
Note that if [ > 2,E is a space satisfying the multiplier condition
with respect to weighted function y and p € (1,), then the above

definitions are equivalent with usual definitions (see e.g., [17]), i.e.,

ettt oy = tlliyy ey + Y 1Dl ey
|a|<l

1 gy = Nl iy + |Z| ID“ull, e
a|sl

3.Linearnondegenerate convolution-elliptic equation with parameters
It is well known that Fourier multiplier theorems with operator
valued multiplier functions have found many applications in the theory of
CDOEs. To obtain the main result, we first consider the following equation,
then apply the result obtained to solve equation (1.1).
Consider the following nondegenerate CDOE with parameters,

Zsaaa*D“u+(A+/1)*u=f, 3
||t
wheree, €,, A are parameters, a, are complex-valued functions defined in
(1) and A is a linear operator in a Banach space E.

We find sufficient conditions that guarantee the separability of the
problem (3).This facts is derived by using is a Fourier multiplier theorem for
operator-valued multiplier functions on vector-valued Banach spaces. We
establish existence and uniqueness as well as regularity for differential
equations in Banach spaces and thus also for CDOEs.

Note that, Section 3, prepares for the proof of the main result of this
paper. In this section we rely on the recent paper by [16] and [20], where the
problem is studied extensively. First we establish coercive estimate for
nondegenerate case equation (3) and apply them to study regularity of the
degenerate equation (1).
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Condition 3.1. Suppose the following are satisfied:
1)

Le(®) = ) eala()) € Sp,001 € [0,1) for § €RY,

||l

n
|L:(E)] = Cz & |Gaqio|lex]t

a(l,k) = (0,...,l,0lf..1.,0),i.e.ai =0i+ka, =1
2) @, € C™(RM,and€|P!|DPa, ()| < Cy, B € {0,110 < |Bl < m;
3) [DPAD]A (§o) € C(R™; B(E), I§1PI[|[DPA]AT o)l < €
for0 < |B| < n,& & € R™\{0}.
LetX = L,,(RE),Y =W}, (R E(A),E),p € (1, ).

Theorem 3.1. Assume that Condition 3.1 holds and E is a Banach space
satisfying the multiplier condition with respect to weighted function y € 4,
and p € (1, ). Let A be a uniformly R —sectorial operator in E with ¢ €
[0,7),A €S,, and 0 < ¢ + ¢, + @, < m.Then, problem (3) has a unique
solution u and the coercive uniform estimate holds

_lal
A" T llag * Dully + 1A  ully + [Alllullx
||l

< Cllfllx, (4)
forall feXand A €S,

Proof. By applying the Fourier transform to equation (3) we get

() = [4) + L) + 2] F(®). (5)
Hence, the solution of (3) can be represented as u(x) = F‘l[A(E) + 1+

Lg(gf)]_1 f and there are positive constants C; and C, such that
CulAlllully < ||F* [A[A@) + Le©) + 2] ]f|| < Coalllullx,
Calla s ully < ||F[AO[AE) + L&) + 2] ]f|| < Gl ully,
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e
Ci ) ealN' T llag * Dully
||l

<|[F D et T au© a0 @ + 1)

||l
-1 A
f

X

+ 2]

<G Y ATl
||t
* D%ullx. (6)
By using a similar technique as in [13] and [20], definition of
R —boundedness we obtain the operator-valued functions, arising in the
solution of equation (3) are Fourier multipliers from Xto X. Thus, from (5)
and (6) we obtain

lal
1——
21llellx < Coll il 1A < ull < Gy [Ifllx, ) ealM* T llag * D%ullx
|a|=l

< Glifllx. |
forall f € X. Hence, we get the assertion.

Let O, be an operator in X generated by problem (3.1) for 1 = 0, i.e.,
D(0,) cY,0.u= Z Eq Qg *Du+ A xu.

||t
From Theorem 3.1 we have:
Result 3.1. Assume that the all conditions of Theorem 3.1 hold.
Then, forall A € S, the following uniform coercive estimate holds

_lal B
o M Tllag * DE(0; + D) Mg +
|a|<t

+IA * (0 + V) lpery + A0 + D)7 Hipxy < C.

4. Degenerate convolution-elliptic equations

As we mentoined before, from the view point of differential operator
equations with parameters, vector-valued Banach spaces form one class of
function spaces which are of special interest.In this section we rely on the
recent papers by [12] and [16].
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Let us consider the following degenerate elliptic CDOE with
parameters

£qg * DU+ Axu+2u="f, (7)
|a|<l
in weighted space Ly, ,,(R™; E), where, [ is a natural number, a, = a,(x) are

complex-valued functions, a = (a;,ay,...,a,),a; are nonnegative
integers, € = (&1,&2,--+,&n)s €a = [p=1 &k ¢ , Egare positive, A is a complex
parameter and A = A(x) is a linear operator in a Banach space E for x €
R™. Here, the convolutions a, * D!*lu, A % u are defined in the distribution

sense (see e.g., [2]), where y = y(x) is a positive measurable function on
) c R"and

. 9 \*“
plel = pleple o, ol = (v 5
For this purpose consider the following substitution

Xk

Y = f vy 1(2)dz, k=1.2,..,n. (8)

0
It is clear that, under the substitution (8), D!®u transforms to D%u.
Moreover, the spacesL,(R™ E), Wp[g (R™; E(A), E)are mapped
isomorphically onto the weighted spaces L, ,,(R™; E) and Wpl,y(R”; E(A),E)
respectively where,

Yy =7@) =vx®) =vx1(y1), x2(¥2), -+, Xn (Pn))-
Moreover, under (8) the degenerate problem (7) considered in

L,(R™; E)is transformed into the nondegenerate problem (3) in L, (R™; E),
where

Ay =a,(y) = ao(7(»),  u=u@)=a®) =uFO)

A=AQY)=AQ) =AGO).f=f =f) = fTFO).

Let X = L,(RE), ¥ = WA (R E(A),E), p € (1, ).

In this section we show the following result:

Theorem 4.1. Assume that Condition 3.1 and substitution (8) holds
for a, = a,(y) and E is a Banach space satisfying the multiplier condition
with respect to weighted function y € A, and p € (1,). Let A be a

uniformly R —sectorial operator in E with ¢ € [0,7),1 € S,, and 0 < ¢ +

@, + @, < m for A = A(y). Then for all f € X there is a unique solution of
the problem (7) and the following coercive uniform estimate holds:
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|
Z e ' T |Jag * D[ + 1A * ullg + [Alllullg
|| <t
< Clifllz- )
Proof. By substitution (8), the degenerate problem (7) is transformed
into the nondegenerate problem (3) considered in the weighted space
L, (R™; E) Then in view of Theorem 3.1 we obtain the assertion.

LetQ, be the operator generated by problem (7) i.e.,
D) = WI(RE,E),  Qeu= ) eqaq D+ Axu

|ax|<t
From the Theorem 4.1 and Result 3.1.we obtain the for 1 € Se there
exist the resolvent of operator Q, and has the estimate

D e W lag * DI, + 27
|a|<l
HIA* Qe + VMg + IMQ: + VMg < C
It is known that Fourier multipliers theorems with operator-valued
multiplier functions have found many applications in the theory of
convolution equations. For this purpose, as an application we consider the
following Cauchy problem for the degenerate parabolic CDOE,

B(X) +

ou (]
E-l_ Eqlq * D' u+ Axu+du = f(t, x),
|x|<t
u(0,x) =0, t e R, x € R", (10)

inE —valued mixed L,, (R}*'; E)-space, where ¢, ¢, are parameters, d >
0, a,are complex-valued functions defined in (1) and A is a linear operator
in a Banach space E.

Lw(Rﬁﬂ; E)denote the space of all p —summable complex-valued
functions with mixed norm (see e.g., [5]), i.e., the space of all measurable
functions f defined, on R**1, for which

1

p1 E

14
Il (roise) = f j IF 6 0IEy()dn) | de | < oo, R
=R"XRy,p = (p,p1)
By using a similar technique as in [13] and [17] we obtain the
problem (10) has a unique solution u(e, t, x) and for sufficiently large d the
following coercive uniform estimate holds
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Ly (RY1E)

[a]
+ |Zl Eq|la * D u”L,,(RIj“;E) + [|A * uIILp(REH;E)
a|s

< C”f”Lp(Rﬁ“;E)'
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PE3IOME

HccnenytoTcss  cBOWCTBa  cemapabelIbHOCTH — BBIPOXKICHHBIX — aOCTPaKTHBIX
CBEPTOYHO-3JUIUNTHYECKUX YPaBHEHUI. 3/1€Ch paccMaTpHBAaeMOE YPABHEHHE COAEPIKHUT
HEKOTOpBbI MapaMeTp ¥ Mbl HAaXOAUM JOCTATOYHBIE YCIIOBHS, TapaHTUPYHOIUE
cenapabenbHOCTh JIMHEHHBIX 3a71a4 B BECOBBIX Lp -mpocTpancTBax. B Hacrosimeid crarbe
MOJTy4eHBI CBOMCTBa cenapabesIbHOCTH BBIPOXKAAIOIINXCSL CBEPTOUHBIX qU(dhepeHInaIbHO-
ONEpaTOpPHBIX YPABHEHUI C MapaMeTpoM B BEKTOPHO3HAUHBIX BECOBBIX NPOCTPAHCTBAX.
Hcnonp3ys 3TH pe3ysbTaThl, B BECOBBIX Lp -IipocTpaHCTBaxX MOTydaeTcs CyLIeCTBOBaHUE U
€MHCTBEHHOCTh MAaKCHUMAaJIbHO-PETYIIPHOTO pELICHUS BBIPOXKICHHOIO CBEPTOYHOTO
ypaBHEHHs. B mpuiokeHHH yCTaHOBICHBI MAaKCHMaJbHBIE PEryJSIpHOCTH 3amadu Komm
JUISL  BBIPOXKJCHHOTO a0CTPaKTHOTO NapabONMYecKOro YpPaBHEHHs B CMEIIaHHBIX Lp-
HOpMax.

KiroueBbie CJI0BA:CCKTOPHUATIBHBIE OIIEPATOPHI, a6CTpaKTHLIe BCCOBBIC IIPOCTPAHCTBA,

OTIEPAaTOPHO3HAYHBIC MYJIbTHUILIMKATOPHI, BHIPOKACHHBIC YPABHEHUS CBEPTKH, YPABHCHUS
CBEPTKHU C NapaMeTpOM.

177



	LINEAR  DEGENERATE CONVOLUTION-ELLIPTIC EQUATIONS WITH PARAMETERS0F

