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Abstract. In this paper, converting the topological graph to a special topology by adjacent
vertices are studied. This topology is proved as a discrete topology. Where new definition
of subbase denoted by NSGT is introduced containing all sets of the vertices neighborhoods.

The base 1‘\.?,95T is obtained from the intersection of all elements of NSGT. Then, the
neighborhood topology Ntg, is generated by union of all elements of NB;_ with several
examples.
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1. Introduction.

The graph G is denoted by G = (V, E'), where V(&) is a set of all vertices and
E(G) is aset of all edges in G. The vertex t adjacent with a vertex w if there is an
edge between t and w. The number of all elements in V(&) is called the order of
G, denoted by |V(G)|. The open neighborhood of a vertex u defined as:
N(u) ={t: tu € E(G)}. For more information about graph theory see [1-17,
19, 26-28]. The discrete topology is denoted by (X, T), where X is a non-empty set
and T is a family of all subsets of X, where T = P(X). The set X and @ are belong
to T and both are open sets. The set B € 7 is called a base for 7 if every open set in
T is a union of members of B [25]. A set ¢ € T is called a subbase of T if every
open set in B is the finite intersection for elements of o. Let {M;; i € I} be a
family of subset of X where if I = @, then U;o; M; = 0 and N;o M; = X [29].
There are many papers joined graph theory and topology, see [18, 20-24]. In this
paper, converting the topological graph to a discrete topology by adjacent vertices
are studied. Where new definition of subbase is introduced containing all sets of
the vertices neighborhoods. The base is obtained from the intersection of all
elements of the subbase. Then, the neighborhood (discrete) topology is generated
from the base with several examples.

2. Properties of Topological Graph.

In this section, we recall a special definition to construct a topological graph

with some of its properties that proved in [24].
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Definition 2.1 [24]: Let X be a non-empty set and T be a discrete topology on X.
The discrete topological graph denoted by G, = (V, E') is a graph of the vertex set
V={4;Aetand A = 0, X}.
Andtheedgeset E = {AB;A € Band B € A}.
Proposition 2.2 [24]: Let X be a non-empty set of order 7 and let T be a discrete
topology on X. If n = 2, then G, = K,.
Proposition 2.3 [24]: Let X be a non-empty set of order 7 and let T be a discrete
topology on X. If n = 3, then G, = C,.
Example 2.4 [24]: Let |X| = 4, then
T =
{@, X, {13,{2}, (33, (43,{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}, (1,2,
{1,2,4},{1,3,4},{2,3,4}

V=

{{1}, {2}, {33, {43,{1,2},{1,3},{1,4},{2,3},{2,4}, (3,4}, {1,2,3},}
so W11,2,4},{1,3,4},{2,3,4}

Example 2.5 [24]: Let |X| = 5, thent =
0,X,{1},{2}, (3}, {4}, {5}, {1,2},{1,3},{1,4},{1,5},{2,3}, {2,4},{2,5}, 3,4},
{3,5},{4,5},{1,2,3},{1,2,4},{1,2,5},{1,3,4},{1,3,5},{1,4,5},{2,3,4},{2,3,5}, 1,
{2,4,5},{3,4,5},{1,2,3,4},{1,2,3,5},{1,2,4,5},{1,3,4,5},{2,3,4,5}
soV =
{1}, {2}, (33, {4}, {6}, (1,2}, {1,3},{1,4},{1,5},{2,3},{2,4},{2,5},{3,4},
{3.'5}? {4.'5}? {1F2J3}F {1F2J4}J {1F2J5}.’ {1F3F4}.’ {1F3F5}.’ {1F4J5 }F {2F3J4}F
{2,3,5},{2,4,5},{3,4,5},{1,2,3,4},{1,2,3,5},{1,2,45},{1,3,4,5},{2,3,4,5}

Proposition 2.6 [24]: Let |X| =mn, then the order of discrete topological
graph G, is 2™ — 2.

3. Topological Space Generated by Topological Graphs
In this section, converting the topological graph to a discrete topology are
studied.

Definition 3.1 [19]: Let (, be a topological graph where the neighborhood of a
vertex u; for any u; € V(G,) defined as:

N(u) = {u; €V(G,): y adjacent with u; where i # j}
Definition 3.2: Let NS be a collection of subsets of neighborhoods of ¥ whose
union equals V. Such that NS, (V)= {N(u)lyerey Tor all
w, eV(G,),i=12,..,2"—2, and NS, forms a subbase. The topology that
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generated by NSg. is defined to be collection of all unions of finite intersection of
elements of NS .

Definition 3.3: Let NB;. be a basis generated by finite intersection of members of
NS (V)- Where it defined as follow:

NB; (V) ={4AcV,A is a finite intersection of members of NS}
Definition 3.4: Let Ntg_ be a topology on a set V' generated by NB; and NS,
called neighborhood topology of a graph G;.

Example 3.5: Let G, be a topological graph for |X|= 2. We find the
neighborhood topology Ntg of G,.

Let V = {u,y,u,}, where: u; = {1} and u, = {2}. Then,

N(u;) = {u,},and N(u,) = {u, }.

Then, NS, (V) = {{u,}, (u,}} and NB; (V) = {0,V {u,}, {u,}}.

N, (V) ={0,V, {u,},{u,}} is discrete topology. See Figure 1.

Uy Uz

o O

Figure 1: The topological graph for |X| = 2.

Example 3.6: Let G, be a topological graph for |X| = 3. Thus, we extract the
neighborhood topology Nt of topological graph G.
Let
V = {u,,u,,us,1,,Us, U ).
u; = {1hu, = 2L uz = 8hu, = 1,2} us = {1,3}Lus =

Where 2,3}
Then,
N(u,) = {up,uz,ug ), N(u,) = {uy,ug,us 5, N(uz)
= {uy, %5, U},
N(uy) = {uz, us,ug 3, N(us) = {uy, uy,us 5, N(ug) =
{uy,ug,us],

NSGT (V:] - {{HZJ ugyuﬁ }J {ulyugrui }J {u'J_JuQJ u:l- }J {ugyujruﬁ }J {uQJu:l-Juﬁ }J
{uy,uy,usd}

By taking the intersection of sets of NS, (V) we get the base as:

NBg

={0,V, {us }, {ua ), (uaJ, {ua d fus }, (g3 {ug, wa 3, {uy, us 1, {us, us

{up, g, {ug, ush {ug, wg ty {uy, up, ua g, (i, ua, us J, {fug, uy, us

{up,uz, ugd, {us, w0, 3, {Ug, us, ug 3}

By taking all unions. The neighborhood topology can be written as:
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NTGT(V)

={0,V, {u}, (s}, {ua ), {ug 3 Qus 1, (w1 (g, w0 3, (w45},

{ug,ug b {ug, us ), (ug, ugh, (s, ug b, {us, uy b, (s, us 3, (s, ug 3, {ug, uy b,
{ug,us}, (g, ugh {uy, us b {ug, ug , {us, ugd, {ug, up, us b, {uy, us, 1},

(g ug,usy, {ug, wg, ug b fug, ug, w3, g, us, us 3, {ug ug, ug 3, (uy g, us b,
(g, wy, ugd (g, us, ug b, {ug, ua, ug b, {Us, us, us ), (i, ug, ug ), {un, Uy, us s,
{ug,ug, ugh (g, us, ugt, (g, ug, us b, (s, ug, ug b, {us, us, ug b, {uy, us, ug 3,
{uj_JHZJHEJucL}J {uj_JHZ!uEJui}J {upuz:uzxua}; {ul,uz,u4,u5},
{uljubumu& }J {uljubuilu& }J {ul,ug,u4,u5 }: {ul,ug,u4,u6 }:
{uljuz!uiluﬁ }J {ul,u4,u5, u& }J {uzJ uzxum ui }J {uzJ uz!uduuﬁ };

{HZJHEI uilué }! {uzjucl-! uSJué }! {uajucl-! uSJué }! {uljubuzrumu;'; };
{HIJHZIHEJHQ-JH(S}J {ulrubualuiruﬁ}J {ulrub ucl-!u.i!ué}y
{ul,ug,u4,u5,u5 }J {HZJHSJU‘MHE! ué }}

Then, Ntg_ is discrete topology. See Figure 2.

Uy

Ug Uy

Uz Uy

Ug

Figure 2: The topological graph for |X]| = 3.

Example 3.7: Let G, be a topological graph for |X| = 4. We find the
neighborhood topology N7_of G..
Let V= {u,,u,,Us,U,,Us, Ug, Uy, Ug, Ug, Uyg, Uy, Ug0, U 3, U, . Where
Uy = {1 u, = 2} u; = Bhuy, = {4} us ={1,2}us =
{13 u; = {1, 4} us = {2,3} us = {2,4}uyp = 3,4}, uy; =
{1,2,3 uy, =1{1,2,4}uy, ={1,3,4}uy, = {2,3,4} _Then,
N(uy) = {uy, Uz, Uy, Ug, Us, Uy o, Us o, N (1) =
{uljuzluﬂhuﬁﬁu?lulﬂlula}x
N(us) = {uy, U, Uy, Us, Uy, Ug, Uy 2 J, N (2y)
= {ulJHZJHEJHEJué!HSJull}J
N(us) = {ug, Uy, Ug, Uy, Ug, Ug, Uy, Ug3, U4 ),
N(ug) = {Uy, Uy, Us, Uy, Ug, Ug, Uy, Uy 3, Uy ).
In the similar way above we find N(u;),i = 7,8,...,14.
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Where NS; (V) = (N(u)}yevs, foralli =1,2,3, ..., 14

And by taking the intersection of sets of NS (V) we get the base as:

NBg_

={0,V, {u, }, {u}, {uz}, {uy ), (us ), {ug ), (s 3 {ue, {ug ), {ug0), (w4},

(g d e b (g g (i, us b lus ug b {ug, us 3, (s, us 3, {ug, ug J, {ug, us,
{ug,ugl, (ua, upl, (g, wy o}, (g, w3, (g, usk, {ug, 1wy 03, (us, ug b, {us, us b,
{us, ug}, {us, wel, {us, uyo ) {ts, uys 3 (s, o ), {ug, us 3, {ug, ua ), {ug, usl,
{ug, us0t (e, g1 3, (g, waa 3, {us, we ), (U7, usl, {uy, w03, {uy, s},

{u7,uga ) {ug, ush, (g, w0 {utg, g1 3 {ttg, ug g}y {1ig, U 03, (g, Uy 1,
(UPRISPS R USTRTIES R USEREVE R USRIFHTES RUPHIEN TIPS B (TORTIRTFY S
{uy,us, ug ), {ug, us, s J {uy , ug, us 3, {us, ug, ug J, (1, uy, ug ), {u,, us, ug ),
{uz,us, Us}, {us, ug, Us, {Ug, s, Uy}, (U, Ug, U}, {us, Ug, Uy},

{ua, ug, Us o), {ug, us, us ), {1y, Uz, Uy 03, (0, s, Uy o}, (U5, U, UsS,
{us, ug, ok {us, g, uy 13, {us, uz, ug}, {us, w7, w0}, {us, Uz, Uy},
{us, ug, ok {us, g, uy 13, {us, ug, w0} {ts, 0, o 1 {us, Uy 4, U553,

{ug, uz, ug}, (g, U7, U}, {1g, U7, Uy 0}, {1, U7, Uy 3 3, {1, U, UsS,
{ug, ua, Uy 13, {Us, s, g0 (s, Uy, Ua ) (e, U 1, 093 ), (U7, U, U5,

{ur,ug, us o, (U7, uo, Uy 1 (g, Ug 0, U 3], (U7, Uy 2, U 5§ {0, UG, Ug g )y e
By similar technique of Example 3.6 we find the neighborhood topology Ntg (V).
Such that the number of all sets of N¢,_is 2**. Thus, Nt,_is discrete topology.
See Figure 3.

Figure 3: The topological graph for |X| = 4.

Example 3.8: Let |X|=05 and G, be a topological graph. To find the
neighborhood topology Ntg of topological graph G;.
Let
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V= {uq, s, U3, Us, Us, Ug, Uz, Ug, Ug, Usg 0, Ug1,Us2, U3, Us s, Uss, Use, U7,
Uyg,Usg,Uzg,Uzy, Upz, Uzz, Uzg, Uss, Ugs, Uny, Uzg, Uzgs Usg -

Where

ul = {1}ru2 = {2},11.3 = {3},11:4 = {4},'“.5 = {S}Juﬁ =

{11 Z}Ju? = {1J3}J u‘ﬂ = {11 4}1 u‘g = {11 5}1 ulﬂ =

{21 3}1 ull = {ZJ 4}r ulz = {215}1 ula = {314}1 ulcl- =

{31 5}1 ulS = {4, 5}r

use = {1,2,3}, uy7 =1{1,2,4}, U ={1,2,5}, U=

{11 3.! 4}1 uzu = {1.l 315}1 u21 = {11 415}11‘['22 =

{2,3,4} L u,5 = {2,3,5 L u,, = {2,4,5} U5 = {3,4,5},u,, =
{1,2,3,4}u,, =1{1,2,3,5}, u,0 = {1,2,4,5}, 155 =

{11 3.! 4! 5}1 uED = {21 31 4; 5}

Then,

N(u,)

= {Uy, Uz, Ug, Us, Uy, Up 1, U2, Uz, U, Uss, Upz, Unas Ung, Uzs, Uz,
N(u,)

= {uy, U3, Uy, Us, Uy, Ug, U, U3, Uy, Us 5, Usg, Upg, U, Uns, Uzs

N(u;)

= {uy,us, Uy, Us, Ug, Ug, Ug, Uy 1, Uy, Us 5, Us7, Usg, U, Una, Usg ),y

N(u,)

= {uy, Uy, Ug, Us, Ug, Uy, Ug, Uy g, Uy, Uy g, Ug g, Us g, Uzgs Uzz, Uz 7 )y

N(us)

= {Uy, Uy, Ug, Uy, Ug, Uy, Ug, Uy g, U1, U3, g, Uy 7, U, Unz, Ung )y

N(u,g)

= {Uz, Uy, Us, Uy, Ug, Ug, Uy, Uy 1, Uq2, U3, Uq sy Uy, Use, Usp, Ung, Uzz,
Upz,Upy,Usps, Uzg, Usg }-

In the similar way above we

find N(u,),i = 7,8, ...,30.

Such that NS, (V) = (N(u,)}yev(q,) foralli = 1,2,3, ...,30.We find NB;_
and Ntg, by the same technique of Example 3.6. So, we get NB;_ which has all
sets of singleton u; where {y,} € NBg., foralli =1,2,3,...,30,and vV ¢ NB .
Since Nz,_is the union of all sets of NB; . Then, the number of all sets of Nz, is

23% and it is discrete topology. See Figure 4. Also, if n = 5 the topological space
generated by topological graph is discrete topology.
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Figure 4: The topological graph for |X| = 5.
4. Open problems

1- Converting the topological graph to the discrete topology by other ways, by the
adjacent or non-adjacent edges or vertices.

2- Apply many types of domination parameters on the topological graph such as:
Pitchfork domination, arrow domination, co-independent domination.
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