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Abstract. The some properties of convolution differential-operator equations in a Banach
space are studied. Also it is established that the corresponding realization operator is
positive and R-positive. These results permit us to show the separability of the differential
operators in a E-valued weighted Lp-space. In the present paper, by using the positivity
and separability properties of the convolution-elliptic operators of the infinite systems of
integro-differential equations are obtained.
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1. Introduction

Boundary value problems (BVPs) for differential-operator equations (DOE)
have been studied in [1-3], [7], [10], [18]. Operator-valued Fouirer multipliers
have been investigated in [4-9], [17]]. In the present paper we consider the
E —valued weighted spaces L, , (R; E), here y = y(x) is a weighted function from
Ap, p € (1,).

In recent years separability properties of elliptic convolution operators in
weighted spaces have been studied extensively e.g. in [1], [12], [15]. Convolution-
differential equations (CDEs) have been treated e.g. in [11], [13]. Moreover, the
convolution differential-operator equations (CDOES) is relatively less investigated
subject. In [2], [7] and [14] the parabolic type CDEs with operator coefficient were
investigated L,, —spaces. In the paper the main aim to study the following infinite
system of convolution equation

l dkui e
z ay * Tk + Z(blj + A) * uj(x)
]:

k=0
= fi(x) (1)
in L,,(R;l)where x €R,i=12,...,a;, = a,(x) are complex numbers, q €
(1, ).

Further, we will consider the following infinite system of Cauchy problem for
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parabolic CDEs

au]
+Zak* FP +Zb‘j*uj(t X)

= fi(t, X) (2)
u;(0,x) =0,x €R.

We say that the problem (1) is L, ,(R;,) —separable, if for all f = {f;} €
Lyy(R;1,) there exists a unique solution u = {u;} € W}, (R;1,(B),1,) of the
problem (1) satisfying this problem almost everywhere on R and there exists a
positive constant C independent on £, such that one has the coercive estimate

Lp,y(Rilq)

l
Y1t
k=0
< ClIfllL,, (r,). (3)

The (3) implies that if £ € L,,(R;,) and u is the solution of the BVPs (1)
then all terms of (1) are separable in LW(IR; lq).lt means that the inverse of the
realization operator generated (1.1) is bounded from Lp,y(]Ri; lq)to

Woy (R; 14 (B), lg)-

The paper is organized as follows. In section 2 we collect the necessary
tools from weighted Banach space theory, weighted multiplier condition,
R —positivity and some background material is given. In section 3 the separability
properties for (1) are established and by applying this result the coercive estimate
of infinite systems of integro-differential equations is proved.

A * +1B u”Lp.y(Rilq)

2. Notations and background

Let N,R and Cdenote the sets of natural, real and complex numbers,
respectively. If E; and E, are Banach spaces, L(E;, E;) denotes the Banach space
of all bounded linear operators from E; into E, with the norm equal to the operator
norm. For E; = E, = E, we write L(E) = L(E,E).

R"denotes the n —dimensional Euclidean space , dx is the corresponding
Lebesgue measure. For 1<q<o we set

lg =96 =820 €N, = (ZI&I") §; — complex numbers (.

Let ¥y =y(x),x = (x1,%3,...,%,) be a positive measurable real-valued
function on a measurable subset Q c R™. By the sumbol L,, ,,(; E) we mean the

space of all strongly E —valued functions on a  c R™with norm

76



H.K. MUSAEV: COERCIVE ESTIMATION OF THE SOLUTIONS OF ...

1
/o
1flls,, = If 1y, am = f IF@IByGodx | 1<p<o.

For y(x) = 1, the space Ly, (; E) WI|| be denoted by L,, = Ly, (; E).
1l 8y = eSSESIIIJP[Y(X)”f gl
X

Moreover, if y(x) is a positive measurable function, then for 1 < p < oo,
1
P

Lpy(lg) = {f: f = iCRZL NS, 0y = jV(X)IIfi(x)Ilf’qu

R™
< 00 p,

Clearly, L, (1,)is a Banach space.
The weight function y(x) is said to satisfy an A, condition, i.e., y(x) €

Ap, 1 <p < o if there is a positive constant C such that
p—-1

_ fy(x)dx = fy p=1(x)dx <C

]l
for all compact sets Q c R"
Example: By virtue of [16] the following weighted functions
yx) =[x x€eR-1<a<p-—1,

QI

N n P
y@=[[{1+Y 7] 1<p<o,
k=1 j=1
belong to A4, class, where a;, N € N, B, € R.

Suppose that
Sp=1{4 1€C argd| < p}U{0},0 < ¢ <m.

A closed linear operator function A = A(x),x € R is said to be uniformly
¢ —positive in Banach space E, if D(A(x)) is dense in E and does not depend on
x and there is a positive constant M so that

ICAGE) + AN Iy < M(L+ 12D
forevery x e Rand A € S, ¢ € [0,m), where I is an identity operator in E. For
a scalar A, we sometimes write A + A or A, instead of A + Al.

By S =S(R™E) we denote the Schwartz space of rapidly decreasing
smooth E —valued functions on R™. S'(R"; E)we denote the space of linear
continuous mappings from S to E which is called the Schwartz space of E —valued
distributions. Recall S(R™; E) is norm dense in Ly, (R™; E).whenl < p < oo,y €
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Ap

Let 2 be a domain in R™. (2, E) and C™ (; E)will denote the spaces of
E —valued bounded, uniformly strongly continuous and m —times continuously
differentiable functions on £, respectively. For E = C the space C™ (02, E) will be
denoted by C(™ ().

An E —valued generalized function D¢ is called a generalized derivative in
the sense of Schwartz distributions of the function f € S'(R"™, E), if the equality

(D%f, ) = (=Dl f, D)

a = (alJaZI"'Jan)JlaI =Zak1 azDileDng"':Dgn
k=1

holds for all ¢ € S, where,

a; are integers.
Let F denote the Fourier transform. Through this section the Fourier

transformation of a function f will be denoted by f, Ff = f and F~1f = f.

A function ¥ € L, (R"; L(E;, E3)) is called a multiplier from L, (R™; E;)
to L, (R™; E;)for p € (1,00) if the map u —» Bu = F'¥(§)Fu,u € S(R™; E;)
are well defined and extends to a bounded linear operator

B:Ly,,(R" E;) = Ly, (R"; E3)

The collection of all Fourier multipliers from L, , (R"; Ey)to Ly, (R™; E3)
will be denoted by M}Y(E;,E,). For E; =E, =E it is simply denoted by
My (E). Let M(h) denote a set of some parameters.

Consider the family By, = {¥y; ¥ € My (Ey, E;), h € M(R)}  of
multipliers from the collection M’”’(El,Ez) The multipliers ¥, are said to be

uniformly bounded (UBM) with respect to h if there exists a positive constant M
independent of h € M (h)such that

IF7 WhFull,, &me) < Mllull, @),
forall h € M(h) and u € S(R™; E;).
The Banach space E is called UMD -space ([6],[17]) if the Hilbert operator

of a function f € S(R; E), is defined by Hf = lPV (1) xf,l.e.,
f(t —T)

(Hf)(©) =—
|T|>£
is bounded in L,(R; E), for p € (1,) (see e.g. [5], [9]). UMD spaces include
e.g. Ly, l,spaces, Hilbert spaces, Sobolev spaces and Lorentz spaces L, 4, p,q €
(1, ).
A family of operators T c L(E;, E,) is called R —bounded (see [5], [17] ) if
there is a constant C > 0 such that for all T}, T,,..., T, € T and uq,uy,...,u, €
E;,meN
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1 n 1 n

JErj(y)Tjuj dySCJ Erj(y)uj dy,

o |[j=1 E, o |[j=1 E,
where{rj}is a sequence of independent symmetric {—1;1} —valued random
variables on [0,1]. The smallest C for which the above estimate holds is called an
R —bound of the collection T and denoted by R(T).

Note that from the definition of R —boundedness it follows that every
R —bounded family of operators is (uniformly) bounded (it is enough to take n =
1).

A Banach space E is said to be a space satisfying a weighted multiplier
condition with respect to p € (1,0) and weighted function vy if, for any ¥ €
Lo (R, L(E)) the R —boundedness of the set

{EI*DFP(§):§ e R\{0}, k=013
implies that ¥ is a Fourier multiplier in L,,,, (R"™; E), i.e. ¥ € My (E) forany p €
(1,00). IfE = Candy € A,,p € (1,00) then ¥ € M}7(C).

Note that, if E'is UMD space and y(x) then by virue of [5], [9] and [17] the
space E satisfies the multiplier condition. The UMD spaces satisfy the uniformly
multiplier condition.

It is well known (see [5]) that any Hilbert space satisfies the multiplier
condition. There are, however, Banach spaces which are not Hilbert spaces but
satisfy the multiplier condition.

A positive operator A is said to be R —positive in the Banach space E if there
exists ¢ € [0, m) such that the set

{EA+ENTYHE €S,
is R —bounded.

Note that, in a Hilbert space every bounded set is R —bounded. Therefore,
in a Hilbert space, the notion of R —boundedness is a equivalent to boundedness of
a family of operators and in a Hilbert spaces all positive operators are R —positive
(see e.g. [5], [17]).

Let A = A(x),x € R, be closed linear operator in E with domain definition
D(A) independent of x and u € L, (R; E(A)).Then define

mHmw=fA@—www@.

R
We consider the E —valued weighted space
WL, (R Eo, E) = {w;u € L, (R E), Difu € Ly, (R E)},

l
where [ = (I3,1,,...,1,), [, —are positive integers, D,l(" = %, k=12,...,n, E,

*k
and E are Banach spaces, E|, is continuously and densely embedded into E,
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n
— i <
N T R ;IIDk ull, gy <2 1<P
< 00,

3. Infinite system of Cauchy problem for convolution-differential
equations

The property of maximal regularity for elliptic boundary-value problems
was studied, for example in [2], [7], [17]. And for differential-operator equations
in Banach spaces in [1], [6]. [18]. First we consider the convolution differential-
operator equations

: d*u

(L+A)u=ZaR*W+AA*u=f(x),x
k=0

€ER 4
inLy,(R;E), where Ay = A+ 4,A = A(x) is a possible unbounded operator in a
Banach space E, a;, = a;(x) are complex valued functions on R.

In [11-13] under certain conditions, it was proved that for equation (4) there
exists a unique solution and the following coercive uniform estimate holds
Lp,y(RiE)

l k
>
k=0
< Clf L e, (5)

forAe Sy, f €Ly, (RE),p€ (1), €Emn).
Let L be an operator in L, ., (R; E)generated by problem (4) for A = 0, i.e.
!
D(L) W, (R; E(4),E), Lu = 2 a4 * d"u
o o k=0 dx
Again in [11-13], similarly, in the corresponding conditions it is proved that

d*u
Qy * dxk + |4 = u”LP'V(RFE) + Ml”u”Lp,y(lR;E)

+ A *u.

l
k k
1% -1 -1
2 Al (L + D) 1A% L +D gy, )
k=0 L(Lpy (R:E))
+ AL + D ey, wimy)
<cC (6)

In this section, we establish the separability properties of problem (1) and
maximal regularity of infinity system of Cauchy problem for parabolic CDEs (2).
Further we prove that the operator generated by problem (1) is uniformly R-
positive. Main tool of this section is the operator-valued Fourier multipliers. At the
same time, coercive estimate for (1) is derived by using the representation formula
for solution of problem (1) and operator valued multiplier results in L, ,, (R; E).
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Let E = l,, B be a matrix such B = {b;;}. By using these corollaries, we
have the following results. First we define sufficient conditions that guarantee
separability of problem (1).

Condition 3.1. Suppose the following are satisfied:

1. For
l

§ER\OLLE) = ) A (D €S,,01 +9 <
k=0
L) = Clax (Il ax € Ly(R)

2. for {b;j(x)}7" € ly, forall x € R, and some x, € R

_ Cy|bij(x0)| < |bij(x)|§ C2|bij(x0)|,
3. @y, by € CO(R)and [£a,'(&)| < My, |Eb;;'(6)] < My,

where Cy, C,, My, M, —are positive constants.

Let
aij = Gjis Z ;& = CIEI%, foré& #0, B(x) = b;j(x),
ij=1
bij>0’u={uj}’ B*u={bij*uj}
And
o) 1/q
lg(A) = uu € lg llulliyeyy = 1B *ully, = (Zlbij(xo) *uf|q> <o

i=1

Theorem 3.1. Suppose the Condition 3.1. satisfied, and y € A,.Then for all
f(x) = {fi(x)}2; € Ly, (R;1y), for A € S, the problem (1) has a unique solution
u = {u;}5° that belongs to W}, (R; 1,(B),1,) and the following coercive uniform
estimate holds:

l
> la

k=0

k

* Ok

+ ||B * uIILp'y(R,-lq) + Ml”u”Lp_y(R;lq)
Lpy(Rilg)
< ClIf Iy, (ray), ™)

and there exists a resolvent(L + )~ Lof operator L and

Z 21

k(L+/'l)

L(Lp.y(Rilq))
+1IB * (L + D7l g(ry, i)
+ ”A(L + A)_IHL(LP'V(]R;Zq)) S C
Now, we consider the Cauchy problem for the following system of integro-
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differential equations of infinite orders.

au] + Z ay * +Zb” *u;(t, x) = f;(t,x)

u;(0,x) =0,x ER,t
€ R,. (8)
Theorem 3.2. Let Condition 3.1. satisfied. The for allf = {f;}° €
Lp_y(iR{i, lg), for A€ S, and y € Ay, the problem (8) has a unique solution u =

w3y € W7 (R3;1,(B), lq)and the coercive estimate holds:
+ ”B * u”Lp,y(]Ri?lq)

»
Lpy(R%ilg) 42 Lp,y(R-zi-;lq)

= C”f”LP,y(Rgrilq)' )
Proof: For this purpose will be denote the space of all p=
(p,p1) —summable E —valued functions with mixed norm through Lp_y(iR{i; lg).
So, Lp,y(]R{i; lg), denote the space of all measurable E —valued functions defined
on RZ with the norm

Ay *

| ou
ot

P1/ 1/171
p
Pl ez = | [ | [ reongiengaer)  a| <o

R \R;
Respectively, we define W, (R%; ,(B), ;).
Let H denote the dlfferentlal operator in L, (R;l,). generated by the
following elliptic CDE
l

oku
*
2 Ak dxk
k=0
=f, (10)

where u = {u;(t, )}, f = {fi(t, )}1", B * u = {b;; * w;}.
First we prove R —positivity of the operator B. For the prove of
R —positivity, we need to show the R —boundedness of the set {A(B +1)™; 1 €

So}-

AB+ )7t = [Bij + ],

2
ABQ)

wherea B(4) = det(B + 1), B;j is the algebraic complement of the element
of the matrix b;; in its determinant. Then by definition of R —boundedness we
obtain
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1 m q
> rO B+ || dy
o Nie=1 y
1 m [ee] 0 q
= sz ZZA B(A, )(Bl] + ) (Due| dy
0 k=1]i=1j=1 %
1, m q
supz ‘AB(A )(BU + ) qof ;rk(y)uk | dy
q

for all uy,uy,...,uy € lq, A1, 42, A € Sy, Where {r;} is a sequence of
independent symmetric {—1; 1} —valued random variables on [0,1]. Since B is
symmetric and positive definite, it generates a positive operator in [,, for g €
(1, 00), we have

1 m 1 m q
f Z e Ak (Bij + Ax)uk d}’ < Cf Tk O ue|l dy
o k=1 lq

So, from this we get that, the set {A(B + Ay A€ Sq,} is R —bounded, i.e. the
operator B is R —positive in [,.

From (5) we obtain that problem (10) has a unique solution u €
Wor (R%;1,(B), 1, )for f € L, (R%;1,) and the estimate (7) holds. It is known
that, the problem (8) can be expressed as

al( )+Hu () = fi(O)-,

u(0) =0,t e R, (11)
By using the additional and product properties of R —bounded operators
[5,Proposition 3.4] and Kahane's contraction principle [5, Lemma 3.5] for
family of R —bounded operators we have the R —positivity of operator H.
Taking into account L, (R;E) EUMD [see [2]) and R —positivity of
operator H, for ¢ € (g,n) we obtain that for f € L, (Ry;L,,(R;1;))
(see [5], [11]) the equation (11) has a unique solution u €
W ([R+ s D(H), Ly, (R; 1,))satisfying

+ |Hull,, (rL, , (R;L))
Lp, (RiiLpy (Rilg)) P1iepyia

By virtue of estimate (7) and (8) from the (12) we get (9).
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Ko>(ppuumeHT onleHKH pelieHuii 0eCKOHEeYHOI CHCTeMbI
HHTerpo-AudepeHIHATBHBIX yPABHEHNI B BECOBBIX IPOCTPAHCTBAX

I'.K. Mycaesn
BaknHckuii rocyjapcTBEHHBIH YHUBEPCUTET, Kadeapa auddepeHnnaabHoro 1
HHTErpajJbHOrO ypaBHeHUH, baky, AzepOaiikan
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PE3IOME

W3yuaroTcsi HEKOTOPBIE CBOICTBA CBEPTOUHBIX IU(P(epeHIanbHO-0epaTOPHBIX
ypaBHEHHI B 0aHAXOBOM IIPOCTPAHCTBE. TakKe YCTAaHOBJICHO, YTO COOTBETCTBYIOIIHIA
OTIepaTop peaaM3aliy TOJOXUTENEH M R-TIONOXUTENeH. OTH pe3ynbTaThl IO3BOJSIOT
MOKa3aTh OTAEINMOCTh Au((epeHINaIbHbIX ONepaTopoB B E-3HauHOM B3BemIEHHOM Lp-
npocTtpancTBe. B Hacrosimiedi pa®oTe TONMydeHBI CBOWCTBA IMOJOXHUTEIBHOCTH U
cenapadebHOCTH CBEPTO-JUIMNTHYECKUX OINEepaTopoB OECKOHEUHBIX CHCTEM HHTETpO-
muddepeHInaNbHBIX YpaBHEHUI.

KaoueBsie ciioBa: beckoneunas cucrema, HHTErpo-auddepeHnnansHple ypaBHeHus, R-
MOJIOKUTEIBHOCTD, B3BEIIEHHOE YCIOBUE MYJIbTUILIUKATOPA, YPABHEHUS CBEPTKHU.
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