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Abstract. Let G = (V, E) be a finite simple and undirected graph without isolated vertices.
A subset D of V is a pitchfork dominating set if every vertex v € D is dominates at least j
and at most k vertices of V — D, for any non-negative integers j and k. A subset D~ of
V — D is an inverse pitchfork dominating set with respect to D if it is a dominating set. The
domination number of G, denoted by y,(G) is a minimum cardinality over all pitchfork
dominating sets in G. The inverse domination number of G, denoted by y;fl(G) is a
minimum cardinality over all inverse pitchfork dominating sets in G. In this paper, an
applying of pitchfork domination and it’s inverse is given on some complement graphs
when j =1 and k = 2. Evaluations and proofs for y,((G) and yp}l(G) of the complement
graphs are given.
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1. Introduction.

Let G = (V,E) be a graph without isolated vertices has a vertex set V of order
n and an edge set E of size m. For any vertex v € V, the degree of v is defined as
the number of edges incident on v and denoted by deg(v). The minimum and
maximum degrees of vertices denoted by §(G) and A(G), respectively. The

subgraph of G induced by the vertices in D is denoted by G[D]. The complement G
of a simple graph G with vertex set V(G) is the graph in which two vertices are
adjacent if and only if they are not adjacent in G. For graph theoretic terminology
we refer to [8]. The study of domination and related subset problems is one of the
fastest growing areas in graph theory. For a detailed survey of domination one can
see [4] and [5]. A set D €V is a dominating set if every vertex in V. —D is
adjacent to a vertex in D, that is N[D] = V. A dominating set D is said to be a
minimal dominating set if no proper subset of D is a dominating set. The
domination number y(G) is the minimum cardinality of a dominating set D of G.
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The importance of domination in various applications, led to the appearance of
different types domination according to the purpose used for see for example [2, 3,
6, 7]. A new model of domination in graphs called the pitchfork domination and
it’s inverse are introduced by Al-harere and Abdlhusein [1, 2]. Here, a new
application of this domination types are introduced and applied on some
complement graphs.

Observation 1.1 [2]: For a path graph P, and cycle graph C,,, we have:

n
fo(Pn) =y(B) = fo(cn) =y(Cy) = [g]
Proposition 1.2 [2] Let G = K,, the complete graph withn = 3 , then y,,((K,) =
n—2.
Note 1.3 [2] For any graph G of order n and pitchfork domination number y,,, if
Ypr(G) > then G has no inverse pitchfork domination.

2. Pitchfork Domination for Complement Graphs.

In this section, the pitchfork domination is studied on some complement graphs
such as the complement of path, cycle, wheel, complete and complete bipartite
graph.

Theorem 2.1. Let P, be a path graph, then:

2, if n
3, if n=
n—2, if n> 8.

4, 5, 6
7

Yor (ﬁn) =

where P,, has no pitchfork domination for n = 2, 3.

Proof. Since P, is a null graph and P5 has an isolated vertex, then P, and P5 has
no pitchfork domination. let us label the vertices of ?n as{v;; i=1,2,..,n} If
n =4 let D has any two vertices except {v;, v;;,} because these vertices don’t
adjacent v; 4 vertex. If n=51letD = {v,,vs}. Ifn=61let D = {v,,vs}. Ifn=7
let D ={v;iiseven}. Now if n>8, let D ={v,,v;,..,v,_1} and V—-D =
{vy,v,,} where D dominate all the vertices of P,, where the vertices vs, vy, -, Vp_s
dominate v; and v,, while v, dominates only v,, also v,,_; dominates only v;. In
all above cases, D is a minimum pitchfork dominating set. Thus D is a y, s —set of

P,.

Theorem 2.2. Let C,, be a cycle graph of order n > 3, then:
n
[§], if n=4,5, 6

— n—4, ifn=7 8
fo(cn)= 6, if n=9

n—2, if n> 10.
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Proof. There are some cases to find the pitchfork domination number, where C,, is
r —regular graph with r =n — 3. If n = 3 then C5 has no pitchfork domination
since it is a null graph. If n =4 since C, disconnected graph has two P,
components and since y,r(P;) = 1 from Observation (1.1), then ypf(E4) =2.If
n =5 let D consists of any two consecutive vertices. If n = 6 let D = {vy, vy 43}
for any integer 1 <k < 6. If n =7 let us label the vertices of C, as {v;; i =
1,2,---,7}and let D ={v;; iisodd, i #7}. f n=8 let D = {v;; i is odd}. If
n =9 let D consists of the first two vertices from every three consecutive vertices.
If n > 10 let D consists of all the vertices except two vertices, but we must avoid
choose V — D = {v;, v;4,} since v;,, don’t dominates any vertex. In all previous

cases, D is a minimum pitchfork dominating set. Hence D is a y,r —set of C,.

Theorem 2.3. Let K, ,,, be a bipartite graph such that n # 1, then:
2, if n=m=2
n+m-3, if n=2, m= 3

Vor (Knm) = n+m—4, if n, m=> 3.

Proof. Since ?Lm has an isolated vertex, then it has no pitchfork domination. Since
?n,m is a disconnected graph contains two components H, and H, of order n and
m respectively. Thus if n =m = 2 then every component is a P, graph with
Yps (P;) = 1 according to Observation (1.1). If n,m > 3 then every component H;
is a complete graph their pitchfork domination evaluated according to Proposition
(1.2) and equal |H;| — 2. If n=2,m > 3 then we can combine the above two
cases. In all previous cases, D is a minimum pitchfork dominating set. Hence D is a
Ypr —Set of Ky .

Proposition 2.4. Let K,, be a complete graph, and W,, be a wheel graph, then K,
and W,, has no pitchfork domination.

Proof. Since W,, has an isolated vertex and K., is a null graph.

3. An Inverse Pitchfork Domination.

Here, the inverse pitchfork domination is applied on some complement graphs
which was studied on the previous section. Where we choose the inverse pitchfork
dominating set with respect to the pitchfork dominating set in the same graph.

Theorem 3.1. Let P, be a path graph, then P,, has an inverse pitchfork
domination if and only if n = 4, 5, 6, 7 such that:
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2 ifn=45
Yo Pr) =in—3, if n , 7

Proof. let us label the vertices of P, as {v;; i = 1,2,...,n}. If n = 4,5 let D~ has
any two vertices of V — D such that D™ # {v;,v;,,}. If n =6 let D™! has any
three vertices of V—D. If n=7 then D™=V —D. Thus D~ is an inverse

pitchfork dominating set, then D~ is a y,,} —set of P,,. If n > 8, since y,,(P,,) =
n—2> g then P,, has no inverse pitchfork domination according to Note (1.3).

Theorem 3.2. Let C,, be a cycle graph of order n > 3, then C,, has an inverse
pitchfork domination if and only if 4 < n < 8, such that:

n

5l ifn=45¢6
-1/ —
Yor (C) =4n_4 ifn=7, 8.

Proof. According to the minimum pitchfork dominating set D in Theorem (2.2), let
us choose D1 as follows: If n =4 thenlet D~ =V —D. If n =5 then let D!
has any two consecutive vertices from V —D. If n=6 then let D™1 =
(V41 Vksa } Tor any integer 1<k<6. If n=7,8 then let D™1=
{v;; i is even}. D~ is an inverse pitchfork dominating set, then D1 is a y;} —set
of C,,. If n =9 then C,, has no inverse pitchfork domination by Note (1.3) since
ypf(Cn) > %

Theorem 3.3. Let K, ,, be a bipartite graph such that n # 1, then K, ,,, has an
inverse pitchfork domination if and only if n,m = 2, 3,4 such that:

2, if n=m=2

n+m-—3, if n=2, m= 3, 4

-1, _
Vof (Knm) = n+m—4, if n, m= 3, 4.

Proof. En,m is a disconnected graph contains two components H, and H, of order
n and m respectively. Thus any component of order two is a P, graph with
yz;fl(Pz) = 1. If the order of any component equals three or four then it is a
complete graph has an inverse pitchfork domination equals |H;| — 2. If |H;| > 4

then K,,., has no inverse pitchfork domination by Note (1.3) since fo(fn,m) >
n+m

5
Note 3.4. According to the above results, we have:
L ypr(Pp) + vy (Py) =nifandonly ifn = 4,7.
2.¥ps(Cn) +vpf (Co) =nifand only if n = 4,8.
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3. ypf(En,m) + ygfl(fn,m) =n+mifandonlyifn =2,3,4.

REFERENCES

1. Abdlhusein M.A. and Al-harere M.N. Pitchfork domination and It’s
inverse for corona and join operations in graphs, Proceedings of
international Mathematical sciences, V.1, N.2, 2019, pp.51-55.

2. Al-harere M.N. and Abdlhusein M.A., Pitchfork domination in graphs,
Discrete Mathematics, algorithms and applications, to appear, 2020,
https://doi.org/10.1142/S1793830920500251.

3. Das A, Laskar R.C. and Rad N.J. On a-domination in graphs, Graphs and
combinatorics, V.34, N.1, 2018, pp.193-205.

4. Haynes T.W., Hedetniemi S.T. and Slater P.J. Domination in Graphs -
Advanced Topics, Marcel Dekker Inc., 1998.

5. Hedetneimi S.T. and Laskar R. (Eds.) Topics in Domination in Graphs,
Discrete Math., 86, 1990.

6. Omran A.A. and Rajihy Y. Some properties of Frame domination in
graphs, Journal of Engineering and applied sciences, V.12, 2017, pp.
8882-8885.

7. Omran A.A. and Oda H.H. Hn domination in graphs, Baghdad science
journal, V.16, N.1, 2019, pp.242-247.

8. Rahman M.S., Basic Graph Theory, Springer, 2017.

17



