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1. Introduction  

Abstract the Cauchy problem and its particular cases associated with to differential 

operator equations play a significant role in functional analysis and in the theory of 

nonlocal (convolution-type) equations, with a wide range of applications. 

   In this paper, we study the singular perturbation of the Cauchy problem 

associated with a second-order differential operator equation containing a small 

parameter, as well as its limiting first-order form  

{
−𝜀𝑢′′(𝑡; 𝜀) + 𝑢′(𝑡; 𝜀) + 𝐴𝑢(𝑡; 𝜀) = 𝑓(𝑡; 𝜀), 𝑡 ≥ 0,

𝑢(0; 𝜀) = 𝑢0(𝜀),   𝑢 
′(0; 𝜀) = 𝑢1(𝜀) 

                       (1) 

and 

{
𝑢′(𝑡) + 𝐴𝑢(𝑡) = 𝑓(𝑡), 𝑡 ≥ 0,

𝑢(0) = 𝑢0 .
                                                            (2) 

Here, A is a densely defined, self-adjoint and nonnegative operator in a complex 

Banach space E. 

   The main goal of our research is to analyze the solution of given problem in the 

case 𝜀 → 0 and to derive new results concerning the limiting behavior.  

   In earlier works, similar problems have been investigated using different 

approaches. For instance, Kisynski [10,11] and other authors [15,16,17] examined 

the problem in the Hilbert space setting. More general approaches [13,14,18,19] 

are based on the assumption where A is an infinitesimal generator of the cosine 

operator function or a strongly continuous semigroup.  

   In this work, unlike the previous methods, we do not require the initial data 𝑢0 

and 𝑢1 to be constant, which ensures that the results remain valid in more general 
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cases. Furthermore, we use the approach based on the integral representations 

proposed by Dettman [3].  

   Results in this field have also bees reviewed based on references [1-7,12,20,21] 

on generalized forms for time-dependent operators. For further information, see 

Geel’s monograph [8].  

    Let 𝐸 be a complex space. 

   If given space 𝐸 is a complete normed space, then 𝐸 is a complex Banach space. 

Let 𝐴 be a defined operator on this space.  

Definition 1.1 If 𝐴𝑛 is a sequence of operators in 𝐵(𝐸1, 𝐸2) and  

lim
𝑛→∝

‖𝐴𝑛 − 𝐴‖ = 0 

for some 𝐴 ∈ 𝐵(𝐸1, 𝐸2), then we say that 𝐴𝑛 converges uniformly to 𝐴 or that 𝐴𝑛 

converges to 𝐴 in the uniform or operator norm, topology on 𝐵(𝐸1, 𝐸2). 
   Here, the space 𝐵(𝐸1, 𝐸2)denotes the space of all bounded linear operators from 

𝐸1to 𝐸2. If 𝐸1 = 𝐸2, then the space is 𝐵(𝐸, 𝐸) and we denote it as 𝐵(𝐸). 
   Definition 1.2. A 𝐶0  semigroup or a strongly continuous semigroup in a Banach 

space 𝐸1is a family 𝐴 = (𝐴(𝑡))
𝑡≥0

 of bounded linear operators such that: 

a) 𝐴(𝑡 + 𝑠) = 𝐴(𝑡) ∙ 𝐴(𝑠),    𝑡, 𝑠 ≥ 0; 
b) 𝐴(0) = 𝐼𝑋; 
c) lim𝑡→0 𝐴(𝑡)𝑥 = 𝑥,   𝑥 ∈ 𝐸1. 

   If these first two conditions are satisfied, the family is said to be a semigroup. 

   Definition 1.3. A strongly continuous cosine operator function (or a cosine 

family) is a family {𝐶(𝑡), 𝑡 ∈ ℝ} of bounded linear operators satisfying: 

a) 𝐶(𝑡 + 𝑠) + 𝐶(𝑡 − 𝑠) = 2𝐶(𝑡) ∙ 𝐶(𝑠),    𝑡, 𝑠 ∈ ℝ; 
b) 𝐶(0) = 𝐼𝑋; 
c) lim𝑡→0 𝐶(𝑡)𝑥 = 𝑥,   𝑥 ∈ 𝐸1. 

   Suppose that {𝐶𝑜𝑠𝐴(𝑡), 𝑡 ∈ ℝ} is a strongly conditioned cosine family. Then the 

formula: 

𝑇(𝑡) =
1

2√𝜋𝑡
∫ 𝑒−

𝑠2

4𝑡

+∞

−∞

𝑐𝑜𝑠𝐴(𝑠)𝑑𝑠,       𝑡 > 0                                                  (3) 

defines a strongly continuous semigroup whose generator turns out to be 𝐴. 

Relation (3) is known as the Weierstrass formula.  

   The sine operator function 𝑆(𝑡) is defined by the formula  

𝑆(𝑡) = ∫𝐶(𝑠)𝑑𝑠,      𝑡 ∈ ℝ

𝑡

0

.                                                                         (4) 

   Let be the function 𝑓 is complex-valued function of the variable 𝑡 > 0 and 𝑠 is a 

complex parameter. We define the Laplace transform of 𝑓 as  

𝐹(𝑠) = ℒ(𝑓(𝑡)) = ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡

∞

0

= lim
𝜏→∞

∫𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡

𝜏

0

 

whenever the limit exists. When it does, this integral is said to converge. The 

notation ℒ(𝑓) will also be used to denote the Laplace transform of 𝑓. 



PROCEEDINGS OF IAM, V.14, N.2, 2025 

 

205 

 

   The following Proposition 1.1, Corollaries 1.1-1.2 are stated according to the 

results obtained in [17]. 

   Proposition 1.1. If 𝐶 is a regular cosine function, then there exist two non-

negative constants 𝑀 and 𝑤 such that for every 𝑡 ∈ 𝑅+: 
‖𝐶(𝑡)‖ ≤ 𝑀𝑐𝑜𝑠ℎ𝜔(𝑡). 
   Corollary 1.1. For 𝜉 ∈ 𝑅+: 

𝐼1(𝜉) = ∑
𝜉2𝑘+1

22𝑘+1𝑘! (𝑘 + 1)!

∞

𝑘=0

. 

   Corollary 1.2. For 𝜉 ∈ 𝑅: 

𝐼0(𝜉) = ∑
𝜉2𝑘

22𝑘(𝑘!)2

∞

𝑘=0

. 

   Lemma 1.1. If the function 𝐼0 is an infinite differentiable in the space 𝑅, then  

𝐼0
′ = 𝐼1. 

 

2. Singular perturbation of the Cauchy problem with a small parameter 

 

   In this section, we consider the Cauchy problem in the Banach space E for the 

following non-homogeneous differential operator equation: 

{
−𝜀𝑢′′(𝑡; 𝜀) + 𝑢′(𝑡; 𝜀) + 𝐴𝑢(𝑡; 𝜀) = 𝑓(𝑡; 𝜀), 𝑡 ≥ 0,

𝑢(0; 𝜀) = 𝑢0(𝜀),   𝑢 
′(0; 𝜀) = 𝑢1(𝜀).

                                 (5) 

Here, A is a densely defined, nonnegative operator in the Banach space E, and 

𝑢(𝑡; 𝜀) is the unknown solution.  

   To solve eqution (5), let us introduce a new unknown function by making the 

substitution 𝑢(𝑡; 𝜀) = 𝑒𝑡/2𝜀𝑣 (
𝑡

𝜀
; 𝜀). Then the Cauchy problem (5) is expressed by 

the following equation with initial conditions:  

{
 
 

 
 −

1

𝜀
𝑣′′(𝑡; 𝜀) + (

1

4𝜀
+ 𝐴) 𝑣(𝑡; 𝜀) = 𝑒−

𝑡
2𝜀𝑓(𝜀𝑡; 𝜀),

𝑣(0; 𝜀) = 𝑢0(𝜀),

𝑣′(0; 𝜀) = 𝜀𝑢1(𝜀) −
1

2
𝑢0(𝜀).

                               (6) 

   To find the solution of the problem (6) with the help of the introduced function, 

let us first consider the case 𝑓(𝑡; 𝜀) ≡ 0, that is, in the homogeneous case. It is 

known that in the homogeneous case the solution is given by  

𝑣𝑏(𝑡; 𝜀) = 𝐶(𝑡; 𝜀)𝑣(0; 𝜀) + 𝑆(𝑡; 𝜀)𝑣
′(0; 𝜀).                                                 (7) 

   In the non-homogeneous case, the general solution of the problem (6), by the 

method of variation of constants, is written as  

𝑣(𝑡; 𝜀) = 𝐶(𝑡; 𝜀)𝑣(0; 𝜀) + 𝑆(𝑡; 𝜀)𝑣′(0; 𝜀) + 

+∫𝑆(𝑡 − 𝑠; 𝜀)𝑒−
𝑠
2𝜀𝑓(𝜀𝑠; 𝜀)𝑑𝑠

𝑡

0

                                                                       (8)   

   Here 𝐶(𝑡; 𝜀), 𝑆(𝑡; 𝜀) are, respectively, called the cosine and sine functions of the 

operator, and sometimes they are also referred to propagators of the homogeneous 
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equation 𝑣′′(𝑡) − (𝐴𝜀 +
1

4
𝐼) 𝑣(𝑡) = 0. These functions are defined as follows: 

𝐶(𝑡; 𝜀)𝑣 = 𝑣(𝑡) 𝑣 ∈ 𝐷 and 𝑣(∙) is the solution satisfying the conditions 𝑣(0) =
𝑣, 𝑣′(0) = 0. 

   The cosine operator function 𝐶(𝑡; 𝜀) is continuous on the entire Banach space E, 

and is strongly continuous for 𝑡 ≥ 0. The sine operator function 𝑆(𝑡; 𝜀) is also 

defined by  

𝑆(𝑡; 𝜀)𝑢 = ∫𝐶(𝑠; 𝜀)𝑢𝑑𝑠

𝑡

0

. 

   For thr operator functions 𝐶(𝑡; 𝜀), 𝑆(𝑡; 𝜀), the following decompositions can be 

written. Namely,  

𝑢(𝑡; 𝜀) = 𝐶(𝑡)𝑢 −
𝑡

2√𝜀
∫

𝐼1 (
(𝑡2 − 𝑠2)

1
2⁄

2√𝜀
)

(𝑡2 − 𝑠2)
1
2⁄

𝑡

0

𝐶(𝑠)𝑢𝑑𝑠                            (9) 

and 

𝑆(𝑡; 𝜀)𝑢 = −∫𝐼0 (
(𝑡2 − 𝑠2)

1
2⁄

2√𝜀
)𝐶(𝑠)𝑢𝑑𝑠

𝑡

0

, (𝑢 ∈ 𝐸), 𝑡 ≥ 0.             (10) 

   Here, 𝐼0
′ = 𝐼1 [17]. 

   Now, using the subtitution 𝑢(𝑡; 𝜀) = 𝑒𝑡/2𝜀𝑣 (
𝑡

𝜀
; 𝜀) in representation (8), we can 

write the solution as follows: 

𝑢(𝑡; 𝜀) = 𝑒𝑡/2𝜀𝐶(𝑡; 𝜀)𝑣(0; 𝜀) + 𝑒𝑡/2𝜀𝑆(𝑡; 𝜀)𝑣′(0; 𝜀) + 

+𝑒𝑡/2𝜀∫𝑆(𝑡 − 𝑠; 𝜀)𝑒−
𝑠
2𝜀𝑓(𝜀𝑠; 𝜀)𝑑𝑠.

𝑡

0

                                                                (11)   

   If we consider the initial contions 𝑣(0; 𝜀) = 𝑢0(𝜀) və 𝑣′(0; 𝜀) = 𝜀𝑢1(𝜀) −
1

2
𝑢0(𝜀) in the expression (11) for the solution 𝑢(𝑡; 𝜀), then the general solution of 

the problem (5) is as  

𝑢(𝑡; 𝜀) = 𝑒𝑡/2𝜀𝐶(𝑡; 𝜀)𝑢0(𝜀) + 𝑒
𝑡/2𝜀𝑆(𝑡; 𝜀) [𝜀𝑢1(𝜀) −

1

2
𝑢0(𝜀)] + 

+𝑒𝑡/2𝜀∫𝑆(𝑡 − 𝑠; 𝜀)𝑒−
𝑠
2𝜀𝑓(𝜀𝑠; 𝜀)𝑑𝑠

𝑡

0

.                                                                 (12)   

   Substituting expressions (9) and (10) into the solution of (12), we get that  
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𝑢(𝑡; 𝜀)

= 𝑒
𝑡
2𝜀𝐶 (

𝑡

𝜀
) 𝑢0(𝜀) −

𝑒
𝑡
2𝜀𝑡

2√𝜀
∫

𝐼1

(

 
 ((

𝑡
𝜀
)
2

− 𝑠2)

1
2⁄

2√𝜀

)

 
 

((
𝑡
𝜀)
2

− 𝑠2)

1
2⁄

𝑡
𝜀

0

𝐶(𝑠)𝑢0(𝜀)𝑑𝑠

− 𝑒
𝑡
2𝜀∫𝐼0

(

 
 ((

𝑡
𝜀)
2

− 𝑠2)

1
2⁄

2√𝜀

)

 
 
𝐶(𝑠) [𝜀𝑢1(𝜀) −

1

2
𝑢0(𝜀)] 𝑑𝑠

𝑡
𝜀

0

− 𝑒
𝑡
2𝜀∫

(

 
 
∫ 𝐼0(

((
𝑡
𝜀 − 𝑠)

2 − 𝜎2)
1
2⁄

2√𝜀
)𝐶(𝜎)𝑢𝑑𝜎

𝑡
𝜀
−𝑠

0

)

 
 
𝑒−

𝑠
2𝜀𝑓(𝜀𝑠; 𝜀)𝑑𝑠

𝑡
𝜀

0

= 𝑒
𝑡
2𝜀𝐶 (

𝑡

𝜀
) 𝑢0(𝜀) −

𝑒
𝑡
2𝜀𝑡

√𝜀
∫

𝐼1

(

 
 ((

𝑡
𝜀)
2

− 𝑠2)

1
2⁄

2√𝜀

)

 
 

((
𝑡
𝜀)
2

− 𝑠2)

1
2⁄

𝑡
𝜀

0

𝐶(𝑠) (
1

2
𝑢0(𝜀))𝑑𝑠 

   

+𝑒
𝑡
2𝜀∫𝐼0

(

 
 ((

𝑡
𝜀
)
2

− 𝑠2)

1
2⁄

2√𝜀

)

 
 
𝐶(𝑠) [𝜀𝑢1(𝜀) −

1

2
𝑢0(𝜀)] 𝑑𝑠

𝑡
𝜀

0

− 𝑒
𝑡
2𝜀∫

(

 
 
∫ 𝐼0(

((
𝑡
𝜀
− 𝑠)2 − 𝜎2)

1
2⁄

2√𝜀
)𝐶(𝜎)𝑢𝑑𝜎

𝑡
𝜀
−𝑠

0

)

 
 
𝑒−

𝑠
2𝜀𝑓(𝜀𝑠; 𝜀)𝑑𝑠

𝑡
𝜀

0

.              (13) 

   Let us use the following substitutions in solving (13): 

1) 𝜑(𝑡, 𝑠; 𝜀) = −
𝑒
𝑡
2𝜀𝑡

√𝜀

𝐼1

(

 
 ((

𝑡
𝜀
)
2
−𝑠2)

1
2⁄

2√𝜀

)

 
 

((
𝑡

𝜀
)
2
−𝑠2)

1
2⁄
, 
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2) 𝜓(𝑡, 𝑠; 𝜀) = 𝑒
𝑡

2𝜀𝐼0(
((
𝑡

𝜀
)
2
−𝑠2)

1
2⁄

2√𝜀
). 

   Hence, the solution can be written in the form:  

𝑢(𝑡; 𝜀) = 𝑒
𝑡
2𝜀𝐶 (

𝑡

𝜀
) 𝑢0(𝜀) + ∫𝜑(𝑡, 𝑠; 𝜀)

𝑡
𝜀

0

𝐶(𝑠)(
1

2
𝑢0(𝜀))𝑑𝑠

+ ∫𝜓(𝑡, 𝑠; 𝜀)𝐶(𝑠) [𝜀𝑢1(𝜀) −
1

2
𝑢0(𝜀)] 𝑑𝑠

𝑡
𝜀

0

+∫

(

 
 
∫ 𝜓(𝑡 − 𝑠, 𝜎; 𝜀)𝐶(𝜎)𝑢𝑑𝜎

𝑡
𝜀
−𝑠

0

)

 
 
𝑓(𝑠; 𝜀)𝑑𝑠

𝑡

0

.                  (14)  

   Thus, the general solution of the problem can be written in a more compact form 

by introducing the following substitutions: 

1) 𝑃(𝑡; 𝜀) = ∫ 𝜑(𝑡, 𝑠; 𝜀)
𝑡

𝜀
0

𝐶(𝑠)𝑑𝑠; 

2) 𝑄(𝑡; 𝜀) = ∫ 𝜓(𝑡, 𝑠; 𝜀)𝐶(𝑠)𝑑𝑠.
𝑡

𝜀
0

 

   Then, from (14) our solution becomes  

𝑢(𝑡; 𝜀) = 𝑒
𝑡
2𝜀𝐶 (

𝑡

𝜀
) 𝑢0(𝜀) + 𝑃(𝑡; 𝜀) (

1

2
𝑢0(𝜀)) + 𝑄(𝑡; 𝜀) [𝜀𝑢1(𝜀) −

1

2
𝑢0(𝜀)]

+ ∫𝑄(𝑡 − 𝑠; 𝜀)𝑓(𝑠; 𝜀)𝑑𝑠

𝑡

0

.                                                           (15) 

   Here, the functions 𝜑(𝑡, 𝑠; 𝜀), 𝜓(𝑡, 𝑠; 𝜀) are real-valued functions, 𝑃(𝑡; 𝜀), 𝑄(𝑡; 𝜀) 
are operator-valued functions.  

   From their definitons, it is easy to verify that 𝑃(𝑡; 𝜀), 𝑄(𝑡; 𝜀) are strongly 

continuous with respect to t.  

   Now, using representation (15), we can investigate the problem of estimating the 

homogeneous solution. Here, for 𝑓(𝑡) = 𝑓(𝑡; 𝜀) = 0 and 𝜀 → 0, we analyze the 

convergence 𝑢(𝑡; 𝜀) → 𝑢(𝑡). Firstly, let us assume that the solution 𝑢(𝑡; 𝜀) is 

uniformly bounded. Then, making use of (15) and setting 𝜑,𝜓 ≥ 0, we can carry 

out the estimation process.  

   To begin, for the cosine and sine operator functions, we show the following 

inequalities:  

‖𝐶(𝑡)‖ ≤ 𝐶0𝑐𝑜𝑠ℎ𝜔(𝑡)                 − ∞ < 𝑡 < ∞                                      (16) 
and 

‖𝑆(𝑡)‖ ≤ 𝐶0𝑒
𝜔2𝑡                (𝑡 ≥ 0).                                                             (17) 

   From inequality (16), then we obtain:  
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‖𝑢(𝑡; 𝜀)‖ ≤ 𝐶0𝑒
𝑡
2𝜀 cosh (

𝜔𝑡

𝜀
) ‖𝑢0(𝜀)‖ + 𝐶0∫𝜑(𝑡, 𝑠; 𝜀)

𝑡
𝜀

0

𝑐𝑜𝑠ℎ𝜔𝑠 (
1

2
‖𝑢0(𝜀)‖)𝑑𝑠

+ 𝐶0∫𝜓(𝑡, 𝑠; 𝜀)

𝑡
𝜀

0

𝑐𝑜𝑠ℎ𝜔𝑠 (−
1

2
‖𝑢0(𝜀)‖ + 𝜀‖𝑢1(𝜀)‖)𝑑𝑠.     (18) 

   By using (4) and (17) we get the following estimation: 

‖𝑢(𝑡; 𝜀)‖ ≤ 𝐶0𝑒
𝜔2𝑡(‖𝑢0(𝜀)‖ + 𝜀‖𝑢1(𝜀)‖).                                  (19) 

   To investigate the convergence of 𝑢(𝑡; 𝜀), we will make use of the asymptotic 

expansion of the Bessel function series:  

𝐼𝜗(𝑥) =
𝑒𝑥

(2𝜋𝑥)1 2⁄
(∑

(−1)𝑗[𝜗, 𝑗]

(2𝑥)𝑗
+𝑂 (

1

𝑥𝑚+1
)

𝑚

𝑗=0

).                                  (20) 

   Here, [𝜗, 𝑗] = Г (𝜗 + 𝑗 +
1

2
) 𝑗!⁄ Г (𝜗 − 𝑗 +

1

2
). 

   From the regularity of 𝑥−1𝐼1(𝑥) at x=0, it follows that there exists a constant       

𝐶 > 0 such that  

𝐼0(𝑥) ≤ 𝐶(1 + 𝑥)
−1 2⁄ 𝑒𝑥, 𝑥−1𝐼1(𝑥) ≤ 𝐶(2 + 𝑥)

−3 2⁄ 𝑒𝑥   (𝑥 ≥ 0).    (21) 
   Now, to estimate 𝑢(𝑡; 𝜀) − 𝑢(𝑡), we employ Dettman’s method [3]. So, here we 

will solve by dividing the integration interval of the solution into two subintervals, 

i.e., 0 ≤ 𝑠 ≤ 𝑠(𝜀), 𝑠(𝜀) ≤ 𝑡 ≤
𝑡

𝜀
. Then, we can define the division point for these 

integrals as follows:  

1

2√𝜀
((
𝑡

𝜀
)
2

− 𝑠(𝜀)2)

1 2⁄

=
𝜂𝑡

𝜀
,                                                                          (22) 

where 𝜂 <
1

2
. Then the length of the second interval is: 

𝑡

𝜀
− 𝑠(𝜀) =

4𝜂2𝑡2

𝑡 + 𝜀𝑠(𝜀)
≤ 4𝜂2𝑡.                                                                         (23) 

   If we apply the case m=0 in the interval  0 ≤ 𝑠 ≤ 𝑠(𝜀) to the series (20), we 

obtain by making certain transformations  

𝜑(𝑡, 𝑠; 𝜀) = 𝜒(𝑡, 𝑠; 𝜀)𝑒𝑥𝑝 {
𝑡

2𝜀
(1 + (

1

𝜀
− 𝜀 (

𝑠

𝑡
)
2

)

1 2⁄

)}.                         (24) 

Here, when 
𝜀

𝑡
→ 0, then  

𝜒(𝑡, 𝑠; 𝜀) = (𝜋𝑡)−1 2⁄ √𝜀 (
1

𝜀
− 𝜀 (

𝑠

𝑡
)
2

)

−1 4⁄

(1 + 𝑂 (
𝜀

𝜂𝑡
)). 

is obtained. Using inequality (21), let us estimate the function 𝜑 in the interval 

𝑠(𝜀) ≤ 𝑡 ≤
𝑡

𝜀
.  

   So that,  
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𝜑(𝑡, 𝑠; 𝜀) ≤ 𝐶𝜌(𝑡, 𝑠; 𝜀)𝑒𝑥𝑝{
𝑡

2𝜀
(1 + (

1

𝜀
− 𝜀 (

𝑠

𝑡
)
2

)

1 2⁄

)}                         (25) 

where 

𝜌(𝑡, 𝑠; 𝜀) = 𝑡−1 2⁄ (
4𝜀

𝑡
+ (

1

𝜀
− 𝜀 (

𝑠

𝑡
)
2
)
1 2⁄

)

−1 2⁄

.      

   Now, applying (25), we evaluate the integral for 𝑠(𝜀) ≤ 𝑡 ≤
𝑡

𝜀
. Since (

1

𝜀
−

𝜀 (
𝑠

𝑡
)
2
)
1 2⁄

= 2𝜂 and 
4𝜀

𝑡
, we obtain  

𝜑(𝑡, 𝑠; 𝜀) ≤ 𝐶𝑡−1 2⁄ 𝜂−1 2⁄ ∙ 𝑒
𝑡
2𝜀 ∙ 𝑒

𝜂𝑡
𝜀 .                                                                  (26) 

   Hence,  

∫ 𝜑(𝑡, 𝑠; 𝜀)‖𝐶(𝑠)𝑢‖

𝑡
𝜀

𝑠(𝜀)

𝑑𝑠 ≤ 𝐶𝜂1 2⁄ ‖𝑢‖
𝑡1 2⁄

𝜀
𝑒𝑥𝑝 {

𝑡

2𝜀
(
1

2
− 𝜂 − 𝜔𝜀)}.            (27) 

   To compute the integral, we will use expression (24). Since (
1

𝜀
− 𝜀 (

𝑠

𝑡
)
2
)
1 2⁄

≤

1 −
1

2
𝜀 (

𝑠

𝑡
)
2
, the exponential term can be bounded above by −𝑠2/4𝑡. In the 

denominator, however, (
1

𝜀
− 𝜀 (

𝑠

𝑡
)
2
)
1 2⁄

≥ (
1

𝜀
− 𝜀 (

𝑠(𝜀)

𝑡
)
2
)
1 2⁄

= 2𝜂, which yields 

the following estimate:  

𝜑(𝑡, 𝑠; 𝜀) ≤ 𝐶𝑡−1 2⁄ 𝜂−1 2⁄ ∙ 𝑒−𝑠
2/4𝑡.                               (28) 

Here, C is independent of 𝜀.  

   We prove below that for 
𝑡(𝜀)

𝜀
→ ∞ (𝜀 → 0) the expression 𝑃(𝑡; 𝜀)𝑢 → 𝑆(𝑡)𝑢 

converges regularly with respect to 𝑢 ∈ 𝐸 in bounded subspaces of E. Suppose the 

opposite. If our proposition is not satisfied, then there is a bounded sequence 
{𝑢𝑛} ⊂ 𝐸, a sequence {𝑡𝑛} and a sequence {𝜀𝑛} as 𝜀𝑛 → 0 such that  

𝑡𝑛
𝜀𝑛
→ ∞                                 (∙) 

and the following estimation is true: 
‖𝑃(𝑡𝑛; 𝜀𝑛)𝑢𝑛 − 𝑆(𝑡𝑛)𝑢𝑛 ‖ ≥ 𝛿 > 0. 

   For each n, we choose 𝜂𝑛 so that  
1

2
− 𝜂𝑛 −𝜔𝜀𝑛 =

𝜀𝑛

𝑡𝑛
1 2⁄

                                     (29) 

and when 𝜂 = 𝜂𝑛, the integration interval is split according to the expression (22). 

Then we obtain  

‖𝑃(𝑡𝑛; 𝜀𝑛)𝑢𝑛 − 𝑆(𝑡𝑛)𝑢𝑛 ‖ ≤ ∫ |𝜑(𝑡𝑛, 𝑠; 𝜀𝑛) − (𝜋𝑡𝑛)
−1 2⁄ 𝑒

−
𝑠2

4𝑡𝑛| ‖𝐶(𝑠)𝑢𝑛‖𝑑𝑠

𝑠(𝜀𝑛)

0

+ 
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+ ∫ 𝜑(𝑡𝑛, 𝑠; 𝜀𝑛)‖𝐶(𝑠)𝑢𝑛‖

𝑡𝑛
𝜀𝑛

𝑠(𝜀𝑛)

𝑑𝑠 + 

+(𝜋𝑡𝑛)
−1 2⁄ ∫ 𝑒

−
𝑠2

4𝑡𝑛‖𝐶(𝑠)𝑢𝑛‖

∞

𝑠(𝜀𝑛)

𝑑𝑠 .                     (30) 

   The first integral tends to zero as 𝑛 → ∞, the second integral also tends to zero 

by virtue of inequality (27). It is shown that  the third integral in expression (30) 

tends to zero as 𝑛 → ∞. By introducing the subtitution 𝑡𝑛
−1 2⁄ 𝑠 = 𝜎, the integral is 

reduced to a Gauss-type form. Using the boundedness of {𝑢𝑛} and the exponential 

estimate for 𝐶(𝑠), one obtains uniform upper bound for the integrand. The 

quadratic term in the exponent dominates any possible exponential growth, 

ensuring that the tail of the integral vanishes. Consequently, the integral converges 

to zero as 𝑛 → ∞. Hence, we get a contradiction. Therefore, our claim is fulfilled.  

   Similarly, the convergence of the operator function 𝑄(𝑡; 𝜀) can also be proved. 

Indeed, these estimates can be verified in the same way as follows: 

a) From expression (24), we obtain  

𝜒(𝑡, 𝑠; 𝜀) = (𝜋𝑡)−1 2⁄ √𝜀 (
1

𝜀
− 𝜀 (

𝑠

𝑡
)
2

)

1 4⁄

(1 + 𝑂 (
𝜀

𝜂𝑡
)).                 (31) 

b) In the interval 𝑠(𝜀) ≤ 𝑡 ≤
𝑡

𝜀
, from the estimate (25) we obtain that  

𝜌(𝑡, 𝑠; 𝜀) = 𝑡−1 2⁄ (
2𝜀

𝑡
+ (

1

𝜀
+ 𝜀 (

𝑠

𝑡
)
2

)

1 2⁄

)

−1 2⁄

. 

c) For the interval 𝑠(𝜀) ≤ 𝑡 ≤
𝑡

𝜀
, we have  

𝜓(𝑡, 𝑠; 𝜀) ≤ 𝐶𝑡−1 2⁄ 𝜂1 2⁄ ∙ 𝑒
𝑡
2𝜀 ∙ 𝑒

𝜂𝑡
𝜀 .                               (32) 

   Thus, this expression is satisfied: 

∫ 𝜓(𝑡, 𝑠; 𝜀)‖𝐶(𝑠)𝑢‖

𝑡
𝜀

𝑠(𝜀)

𝑑𝑠 ≤ 𝐶𝜂5 2⁄ ‖𝑢‖
𝑡1 2⁄

𝜀
𝑒𝑥𝑝 {

𝑡

2𝜀
(
1

2
− 𝜂 − 𝜔𝜀)}.            (33) 

d) For 0 ≤ 𝑠 ≤ 𝑠(𝜀), the function 𝜓 satisfies the estimation (28).  

   Using these clauses, we can prove in the same way that  

𝑄(𝑡; 𝜀)𝑢 → 𝑆(𝑡)𝑢.                                                                                              (34) 
   So this convergence (34) is regular.  

   If we take all these estimates into calculation in solving problem (15), we arrive 

at the following theorem:  

   Theorem 2.1. Suppose that 𝑢0(𝜀), 𝑢1(𝜀) ∈ 𝐸. Thus,  

𝑢0(𝜀) → 𝑣, 𝜀𝑢1(𝜀) → 𝑢0 − 𝑣    (𝜀 → 0).                             (35) 
   Assume that 𝑢(𝑡; 𝜀) is the generalized solution of the equation (5) and the 

condition (.) is satisfied in the case 𝑡(𝜀) > 0. Then the following expression is 

convergent in 𝑡 ≥ 𝑡(𝜀); 
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                         𝑢(𝑡; 𝜀) → 𝑢(𝑡).                                                     (36)   
   Here, the function 𝑢(𝑡) is a generalized solution of the equation (2). If ‖𝑢0‖, ‖𝑣‖ 

are bounded, then this convergence is uniform with respect to 𝑢0, 𝑣. 

 

3. Conclusion  

   In this work, the existence of the solution to the Cauchy problem for given 

differential equation with small positive parameter has been rigorously investigated 

and proven. Moreover, the estimates have been derived for this solution in the 

homogeneous case. The obtained results are of great scientific importance in terms 

of studying the effect of a small parameter on the solution of the system and 

contribute to the theory of solutions of differential operator equations.  
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