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Abstract. In the present work, boundary and Steklov problems are considered for a linear 

ordinary differential equation with constant coefficients and fractional-order derivatives. 

An analytical expression is obtained for the classical solution of the boundary value 

problem. The general solution of the equation is defined  (expressed) in the form of the 

Mittag–Leffler function. For the Steklov problem, the eigenvalue and eigenfunction are 

determined.. 
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 Introduction. 

 

 It is well known that boundary value problems for ordinary differential equations 

of first to fourth order derivatives have been extensively studied [6, 8]. Since 

various definitions of fractional-order derivatives have a global character (as they 

are defined via integrals), the investigation of solutions to the corresponding 

problems presents significant difficulties. The most commonly used fractional 

derivatives are the Riemann–Liouville and Caputo derivatives [7]. In this work, we 

consider a boundary value problem and a Steklov problem for a linear, single-order 

ordinary differential equation with constant coefficients involving a fractional 

derivative in the Riemann–Liouville sense. An analytical expression is obtained for 

the classical solution of the boundary value problem, and the eigenvalue and 

eigenfunction are determined for the Steklov problem. 

The problem for a fractional-order differential equation with a delay 

argument, the Cauchy problem for differential equations with Caputo fractional 

derivatives [3, 4, 9], the identification of fractional derivatives in oscillatory 

systems, the boundary value problem for fractional-order ordinary differential 

equations, and boundary value problems for partial differential equations with real-

order derivatives have been considered in [1, 2, 5].     
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Statement of the Probelm.  

  Let us consider the following equation: 

             (1) 

where  is a given real constant,  is the unknown (sought) function. The 

given equation (1) is a linear homogeneous  equation with step size   and order , 

constant coefficients. The interval , which is the closure of its domain of 

definition, does not contain zero. As mentioned above, the solution of this equation 

will be sought in terms of a Mittag–Leffler series [7]. 

                                                                        (2) 

here,  denotes an arbitrary parameter. 

 The  order derivative of the first term of this series gives the Dirac delta 

function. As the point at which the argument of this function becomes zero does 

not lie within , the function is equal  to zero. Therefore, it is easy to see that 

                       (3) 

Considering (2) and (3) in (1)   we obtain the algebraic (characteristic) equation: 

                                                         (4) 

The roots of this algebraic equation [5] are the real numbers: 

                                                        (5) 

 Therefore, the general solution to equation (1) is as follows: 

               (6) 

where   and  are arbitrary constants. 

Now let’s consider the following boundary conditions for equation (1): 

                                                           (7) 

where  and are given real constants. 

 

Main results.  

Theorem 1. If  and  are given real constants with 0 < a < b, then 

for different  and defined as in  (5), and if conditions given in (9) are 

satisfied, then the boundary value problem (1) and (7) has a unique solution, and 

this solution is given as in (16). 

Proof. Substituting the general solution of (6) into the boundary conditions 

(7) to determine the constants  and  , we obtain a system of 

inhomogeneous linear algebraic equations: 
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                                            (8) 
 

If the condition 

                                                    (9) 
 

is satisfied, then the determinant of the system of inhomogeneous linear algebraic 

equations (8) is as follows:  

 

                                         (10) 
 

Then, we get from the system (8) following expressions: 

 

 

 

 

                                                                        (11) 
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                                                            (13) 

By unifying the expressions (11)–(13), we can obtain the following expression for 

the solution of system (8): 

                                                (14) 

here  

   (15) 

Then, the classical solution of the boundary value problem (1), (7) will be 

in the form:  

                                 (16) 

here  ,     are in the form (5), and ,   and  are 

in the condition (15). 

 Finally, let’s formulate the Steklov problem for equation (1). Let us 

consider the following boundary conditions:  

 (17) 

Thus, we obtain the Steklov problem (1) and (17). Here,    is the spectral 

parameter. 

If we substitute (6), which is the general solution of equation (1), into (17), 

we obtain:  

                            (18) 

For the existence of a nontrivial solution of the obtained system of 

homogeneous linear algebraic equations, the determinant must be zero. 
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(19) 

From equation (19), we obtain the eigenvalue (for the Steklov problem): 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
here 

                  (21) 
The eigenfunction  should be obtained from the general solution of 

equation (6), provided that   and   are determined from system (18). 

Since the determinant of system (18) is zero, they represent a linearly dependent 

system. Therefore, one of the equations in this system can be disregarded,  i.e., if 

we omit the last equation we get system (22): 

                                     (22) 
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From this system, under the following  condition  

                                               (23) 

we obtain: 

                                                 (24) 

Then from (6) we get: 

 

                    (25) 

Thus, we obtain the following results. 

 Theorem 2. If  is a given real constant and , then there exists 

an eigenvalue (spectrum) given in the form (20) of the Steklov problem (1), (17), 

and the corresponding Eigen function in the form (25). Here,  is an arbitrary 

constant. 

Note. By choosing the constant ,, the Eigen function (25) can be 

normalized. That is 

 
 

Conclusion 

In this work, the boundary value problem and the Steklov problem for a linear 

homogeneous ordinary differential equation with a fractional-order derivative are 

investigated. The general solution of the equation is constructed with the help of 

the Mittag–Leffler function. The arbitrary constants involved in the general 

solution are determined from the given boundary conditions; as a result, the 

solution of the boundary value problem, as well as the eigenvalues and 

eigenfunctions of the Steklov problem, are obtained. 
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