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Abstract. In the present work, boundary and Steklov problems are considered for a linear
ordinary differential equation with constant coefficients and fractional-order derivatives.
An analytical expression is obtained for the classical solution of the boundary value
problem. The general solution of the equation is defined (expressed) in the form of the
Mittag—Leffler function. For the Steklov problem, the eigenvalue and eigenfunction are
determined..
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Introduction.

It is well known that boundary value problems for ordinary differential equations

of first to fourth order derivatives have been extensively studied [6, 8]. Since
various definitions of fractional-order derivatives have a global character (as they
are defined via integrals), the investigation of solutions to the corresponding
problems presents significant difficulties. The most commonly used fractional
derivatives are the Riemann—Liouville and Caputo derivatives [7]. In this work, we
consider a boundary value problem and a Steklov problem for a linear, single-order
ordinary differential equation with constant coefficients involving a fractional
derivative in the Riemann—Liouville sense. An analytical expression is obtained for
the classical solution of the boundary value problem, and the eigenvalue and
eigenfunction are determined for the Steklov problem.

The problem for a fractional-order differential equation with a delay
argument, the Cauchy problem for differential equations with Caputo fractional
derivatives [3, 4, 9], the identification of fractional derivatives in oscillatory
systems, the boundary value problem for fractional-order ordinary differential
equations, and boundary value problems for partial differential equations with real-
order derivatives have been considered in [1, 2, 5].

245



Y. MUSTAFAYEVA, N. ALIYEV: REGULARIZATION OF NECESSARY CONDITIONS...

Statement of the Probelm.
Let us consider the following equation:

B P i
Day(x) — 2pDsy(x) —p?Dsy(x) + 2p3y(x) =0, 0<a<x<bh )
where 1 is a given real constant, ¥ (x) is the unknown (sought) function. The
1 3
given equation (1) is a linear homogeneous equation with step size " and order "

constant coefficients. The interval [a, b], which is the closure of its domain of
definition, does not contain zero. As mentioned above, the solution of this equation
will be sought in terms of a Mittag—Leffler series [7].

i 2
Lt

—_

y(x) = y(x,p) = Ef:up"xﬁrg% )
. N

here, £ denotes an arbitrary parameter.

1

The " order derivative of the first term of this series gives the Dirac delta
function. As the point at which the argument of this function becomes zero does
not lie within [a, fl'], the function is equal to zero. Therefore, it is easy to see that

Dsy(x) = Dsy(x, p) = p"y(x,p), n=123 ®3)
Considering (2) and (3) in (1) we obtain the algebraic (characteristic) equation:

p®—2pp*—pip+2p* =0, (4)
The roots of this algebraic equation [5] are the real numbers:
p1=-P, pPz=P, Pa=12p ®)

Therefore, the general solution to equation (1) is as follows:
y(x) = Ximy Cuy (. pr) = Cry(x, —p) + Coy(x, p) + Cay(x, 2p), (6)
where Cy,C5 and C5 are arbitrary constants.

Now let’s consider the following boundary conditions for equation (1):
y(b) —y(a) = a,

Doy()| _ —Do)| _ =a, ™

2 2
D4}={x}| ~ —D4}-'(x}| _ =ay,
x=h x=a

where &1, &; and &z are given real constants.

Main results.

Theorem 1. If p, &y, &2 and a5 are given real constants with 0 <a < b, then
for different o, 27 and pzdefined as in (5), and if conditions given in (9) are
satisfied, then the boundary value problem (1) and (7) has a unique solution, and
this solution is given as in (16).

Proof. Substituting the general solution of (6) into the boundary conditions

(7) to determine the constants C;,C, and C5, we obtain a system of
inhomogeneous linear algebraic equations:
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o3
Z Cn [}’{bi Prz} - }"(ﬂ.l P:—z}] = 0,
n=1

3
4 Z Cn Pr [y(b’ Pn} - }?(Q’Jpn}] = g,
n=1

3
Y Cplye,p) —apd) = as,
ot ®)

If the condition
Yn = }?(bipn} _}?{ai pn} 0, n=123 (9)

is satisfied, then the determinant of the system of inhomogeneous linear algebraic
equations (8) is as follows:

¥1 ¥a ¥3 1 1 1
A= P1¥q P2¥;3 Pa¥z =Py Pz P3|yiV: Vs
PiYy P V2 P3¥3 Py Py Pg
= (1‘5'2 - Plj (1‘5'3 _Plj(ﬁ‘a - F‘:j}ﬁ}’:}’a # 0, (10)
Then, we get from the system (8) following expressions:
g Va2 Y3 ty 1 1
1 L T
Cl = E s P2¥2 P3¥a| = Ya)a s P2 P3|l =
@3 P32 PiVa @z pi Pi

¥Ya¥3 ":Pa - P:}
= [e1p2p3 — @22+ p3) + a3l =
":P: - P13"|:P3 - P13"|:P3 - Pz}}’ﬂ’z}’a ! 3 3

_ @apopr—nlprtos)tas (11)
(pz—p)ps—pdys
¥ iy ¥3 1 ey 1
¥1¥g
C, = n P11V &g Pa¥y | = Py P3| =
1M 3  P3¥3 Py @3 pP3

—¥1¥q (P‘a - Pl]

(P2 = p1)(ps — P1)(p3 — P2 )¥1 725
_ @1P1P3 — ay(py +p5) +ag (12)

(py — p2)(os — o)y,

[a,pyp5 — ay(py + p3) +a3] =
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¥ ¥ oy 1 1 ay
¥1¥3
Cy;=—|P1¥1 P2¥3 Bz| = A P1 Py G| =
1y P2¥3 3 [ -

v1¥2(p2—p1)
= [er1p1p2 — 21 + p2) + 3] =
(o2 — p1)ps — p1)ps — p2)y1y2ys ol ! :
@ papo—agl patpg) g
=— - : 1
 lpa—psloa—pe)ys ) ) ( 3)
By unifying the expressions (11)—(13), we can obtain the following expression for
the solution of system (8):

ty Py —oo Qp Tog _
Ck = T, -Ii: = 1,2,3 (14)
here
P, = an:lﬂm,‘-’?k = Ewanzlﬂm;R;.: = anzl@m —Pr)- (15
mzk mzk mzk

Then, the classical solution of the boundary value problem (1), (7) will be

in the form:

iy Py—a +a
y(®) = B, BRIy (3, 0y), (19
here p,, k =1,3 areinthe form (5), and Py, @, and R, k =1,3 are
in the condition (15).
Finally, let’s formulate the Steklov problem for equation (1). Let us

consider the following boundary conditions:
D=y(x) = 0,D=y(x) = 0,y(b) —Ay(a) = 0. 17)

Thus, we obtain the Steklov problem (1) and (17). Here, A s the spectral
parameter.
If we substitute (6), which is the general solution of equation (1), into (17),

we obtain:
?31= 1 Cnpny(a:pn] = D:
131:1 C’ﬂ p‘ﬂy(bJ Pn] = 01 (18)
‘]‘31=1{“11[.}J(b1pn] _ﬂ-}’tﬂ,,ﬂn]] = 0

For the existence of a nontrivial solution of the obtained system of
homogeneous linear algebraic equations, the determinant must be zero.
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p1y(a,ps) p2y(a,p;) pay(a,ps)
=| pw(bp.) P2y (b, p;) 3y (b, p3)
yv(b,py)—Ay(a,p;)  y(b,p;)— Ay(a,p,) y(b, p3) — Ay(a,p3)
= 0.
(19)
From equation (19), we obtain the eigenvalue (for the Steklov problem):
p1yla.py) povla.ps) psyia ps)
p1y(b.py) py(b,p,) p3y(b.ps) | =
}’(buﬂﬂ }T(b”ﬂ:] }’(brﬁ‘aj
o1¥(a,p) pyy(a,p,) pay(a ps)
=A|py(bpy) poy(bipy) pyy(b.ps) |
via,py)  y(a p,;) v(a,ps)
p1P2¥(a, p1)y(b.p; )y(b,p3) + pps¥(a, py )y(b,p3 )yv(b, py) +
+p102¥(b, py)¥(a, p3 )y (b, o) — P20 ¥ (D, py )y (b, py)y(a, p3) —
—p1P3¥ (b, p; )y (B, p3)y(a, py) — p1p2 ¥ (b, py )y (a, pa)y (b, p3) =
= Alpyosy(a, py)v(b, po)y(a, p3) + papay(a, p)y(b.ps)v(a, py) +
+p302¥(b, p)¥v(a, p3)y(a, pz) — prpsy(a. py)y(b.ps)y(a ps) —
—p1P2¥(b, py)y(a, py)v(a, p3) — pipsyia. py)y(a.py )y(b, ps)l,
p10,¥(b, p3) [y(a,py)y (b, p;) — y(b,py)y(a, p,)] +
+p, Pa}’(brﬁ‘lj [}?[a,,ﬂg:]}?(b,pg:] - }’[brﬁ‘:]}’(ﬂ: Pa]] +
+P1P3 y(b, F":j [v(b, F"1j}’(ﬂr F"aj —v(a, Plj}’(brﬁ‘aj] =
= Moy0,y(a.p3) [y(a, p,)y(b.ps) — ¥(b, py)y(a, p,)] +
+p, Pa}’(ﬂr J‘:'lj [F(ﬂrﬂzj}’(brﬂaj — y(b, F‘:j}’(ﬂr Paj] +
Ipipﬂ(a, p2) (b, py)yv(a, p3) — ¥(a py)y(b, p3)]}
_ v(b, p )M (py, p3) — v (b, p, )M (py, p3) + v(b, ps )M (py.0;)
A v(a p )Moy 03) —v(a,p )Moy, p3) + }F(QJPEJM(JDPPEJJ
ere
M(Pps0) = P [¥(@ £,,)¥(b.0,) — ¥ (b,0,)¥(a p,)]- (21)
The eigenfunction should be obtained from the general solution of
equation (6), provided that 1, C> and C3 are determined from system (18).
Since the determinant of system (18) is zero, they represent a linearly dependent
system. Therefore, one of the equations in this system can be disregarded, i.e., if
we omit the last equation we get system (22):

Cipyy(a,py) + Coppvla, py) = —Capay(a, ps ),

(20)

(22)
Cipi}’(brﬁ‘ij + Cap, }’(brﬁ‘:j = _CEPE}F(E}!FEJ
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From this system, under the following condition
p1y(a,py) p.y(ap;)

p1v(b,py) poy(b,p;)
we obtain:

=0, (23)

}-I:E.IPE} }":E_..'_'IE}
c.o= Pz y(bpoy) yibpg)
1 p._|}"-ﬂ.-|5-_:' ¥ @og)
¥ ': b.p a_:' ¥ ': b,p :._:'
:"-I:E-'I'J‘_} }":EJst}
O, = Ps _}'l:’b_,.g,::l }'Fb.lpa::'
2 . |}-I‘_E_,p._::l }-I'-E-'Pz}
» ': b.p 4_::' }":b_.,':l z::'

Then from (6) we get:
y(a.py) y(aps)
y(b.p,) y(b,ps)
y(a,py) y(a,py)
v(b,py) y(b,p,)

vizp,) ylapg)
_ 8z lyibpy) yibag)
.5 |_‘;":E,,'J._:' }"-;En':'z}
¥l ) ¥(Bog)

Thus, we obtain the following results.
Theorem 2. If 12 is a given real constant and 0 << a < b, then there exists
an eigenvalue (spectrum) given in the form (20) of the Steklov problem (1), (17),
and the corresponding Eigen function in the form (25). Here, C3 is an arbitrary

constant.

Note. By choosing the constant 5, the Eigen function (25) can be

normalized. That is
b

Iy ()2 = f V2 ()dx = 1.

il

Ir

(24)

3

Fs
1

(x) =

}’(xrﬁ‘l:] -

y(x.p) + }’(x:}f‘a)} Cy (25)

Conclusion

In this work, the boundary value problem and the Steklov problem for a linear
homogeneous ordinary differential equation with a fractional-order derivative are
investigated. The general solution of the equation is constructed with the help of
the Mittag—Leffler function. The arbitrary constants involved in the general
solution are determined from the given boundary conditions; as a result, the
solution of the boundary value problem, as well as the eigenvalues and
eigenfunctions of the Steklov problem, are obtained.
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