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Abstract. An inverse boundary value problem for a third-order pseudo-hyperbolic equation  

with integral condition of the first kind is investigated. To study the solvability of the 

inverse problem, we first reduce the considered problem to an auxiliary problem   and 

prove its equivalence (in a certain sense) to the original problem. Then using the Banach 

fixed point principle, the existence and uniqueness of a solution to this problem is shown. 

Further, on the basis of the equivalency of these problems the existence and uniqueness 

theorem for the classical solution of the inverse coefficient problem is proved for the 

smaller value of time.  
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    1.Introduction.  

 

There are many cases where the needs of the practice bring about the problems of 

determining coefficients or the right hand side of differential equations from some 

knowledge of its solutions. Such problems are called inverse boundary value 

problems of mathematical physics. Inverse boundary value problems arise in 

various areas of human activity such as seismology, mineral exploration, biology, 

medicine, quality control in industry etc., which makes them an active field of 

contemporary mathematics.  

The inverse problems are favorably developing section of up-to-date 

mathematics. Recently, the inverse problems are widely applied in various fields of 

science. Different inverse problems for various types of partial differential 

equations have been studied in many papers. First of all we note the papers of 

A.N.Tikhonov [1], M.M.Lavrentyev [2,3], A.M.Denisov [4], M.I.Ivanchov [5] and 

their followers. 

Contemporary problems of natural sciences make necessary to state and 

investigate qualitative new problems, the striking example of which is the class of 

non-local problems for partial differential equations. Among non-local problems 

we can distinguish a class of problems with integral conditions. Such conditions 

appear by mathematical simulation of phenomena related to physical plasma [6], 

distribution of the heat [7] process of moisture transfer in capillary simple 

environments [8], with the problems of demography and mathematical biology. 
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The solvability of inverse problems in certain formulations, with certain 

overdetermination conditions for pseudo-hyperbolic equations, was the subject of 

research in [9–12]. 

     In this paper , using the Fourier method and the principle of contraction 

mappings , the existence and uniqueness of a solution to a nonlinear inverse 

boundary value problem for a pseudo - hyperbolic equation of the third order with 

an integral condition of the first kind are proved . 

   2. Problem statement and its reduction to equivalent problem. 

Lets consider for the equation 
2( ) ( , ) ( ) ( , ) ( , ) ( ) ( , ) ( , )tt txx xxpt q u x t pt q u x t u x t a t u x t f x t                (1) 

in the domain  TtxtxDT  0,10:),( an inverse boundary problem 

with initial conditions 

)10()()0,(),()0,(  xxxuxxu t  ,                      (2) 

periodic  condition 

                                                 Tttutu  0),1(),0( ,                               (3) 

nonlocal integral condition 

 

                                        ,00),(
1

0

Ttdxtxu                                             (4) 

and the additional conditions 

0( , ) ( ) (0 )u x t h t t T   ,                                                       (5) 

  where  0,0,0,0  qp  0 (0,1)x   is a fixed numbers, ( , ),f x t  

 )(),( xx  , ( )h t  are given functions, ),( txu , )(ta and )(tb  are unknown 

functions. 

  Definition. The pair { ( , ), ( )}u x t a t  is said to be a classical solution to the 

problem (1)-(5), if the functions )(
~

),( 2,2
TDCtxu   and  ],0[)( TCta   satisfies 

an Equation (1) in the region ,TD  the condition (2) on ],1,0[  and the conditions 

(3)-(5) on ],,0[ T where 

 )(),(),(),(:),()(
~ 2)2,2(

TtxxTT DCtxuDCtxutxuDC  . 

Theorem 1. Suppose that 
1( , ) ( ), ( ) [0,1], ( ) [0,1],Tf x t C D x C x C     

0)0()1(    , 
2( ) [0, ]h t C T ,  ( ) 0 (0 ) ,h t t T     

1

0

,0),( dxtxf  

)0( Tt   and the compatibility conditions           

                                   ,0)(,0)(
1

0

1

0

  dxxdxx                                         (6)     

                                           0 0( ) (0), ( ) (0)x h x h                                         (7)   
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holds. Then the problem of finding a classical solution of (1)-(5) is equivalent to 

the problem of determining functions )(
~

),( 2,2
TDCtxu   and ],0[)( TCta  , 

satisfying equation (1), conditions (2) and (3), and the conditions 

  )0(),1(),0( Tttutu xx  ,                                          (8)     

                 
2

0 0( ) ( ) ( ) ( , ) ( , )txx xxpt q h t pt q u x t u x t            

                  
0( ) ( ) ( , ) (0 ).a t h t f x t t T                                                      (9) 

 Proof. Let { ( , ), ( )}u x t a t  be a classical solution of (1)-(5). By integrating both 

sides of Equation (1) with respect to x  from0  to  1, we find     

  )),0(),1(()),0(),1()((),()(
1

0
2

2
2 tutututuqptdxtxu

dt

d
qpt xxtxtx 

 
1 1

0 0

( ) ( , ) ( , ) (0 )a t u x t dx f x t dx t T     .                        (10) 

Taking into account  that  

1

0

( , ) 0, (0 )f x t dx t T   , allowing for (4),we have: 

.)0(0)),0(),1(()),0(),1(()( Tttutututu
dt

d
qpt xxxx        (11) 

By (2) and 0)0()1(    we   get: 

       0)0()1()0,0()0,1(  xx uu .                                                      (12) 

Since the problem (11), (12) has only a trivial solution, then 

)0(0),0(),1( Tttutu xx  , i.e. the condition (8) is fulfilled. 

Now, from  the equation (1) we find: 

          

2
2

0 0 02
( ) ( , ) ( ) ( , ) ( , )txx xx

d
pt q u x t pt q u x t u x t

dt
         

               0 0( ) ( , ) ( , ) (0 ).a t u x t f x t t T                                          (13) 

Further, assuming 
2( ) [0, ]h t C T  and twice differentiating (5), we have 

               
2

0 02
( , ) ( ) , ( , ) ( ) 0 ,

d d
u x t h t u x t h t t T

dt dt
                            (14) 

respectively.  

From (13), by (5) and (14), we conclude that the relation (9) is fulfilled. 

Now, suppose that { ( , ), ( )}u x t a t  is the solution of (1)-(3), (8),(9). Then 

from (10), by means of (3) and (8), we find 

 Ttdxtxutadxtxu
dt

d
qpt   0),()(),()(

1

0

1

0
2

2
2

.                   (15) 

By virtue of (2) and (6), it is not hard to see that 
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.0)()0,(,0)()0,(
1

0

1

0

1

0

1

0
  dxxdxxudxxdxxu t               (16) 

Since of problem (15), (16) has only a trivial solution, then

 Ttdxtxu  00),(
1

0

 i.e. condition (4) is fulfilled. 

Further, from (9), (13),we obtain: 
2

2

0 02
( ) ( ( , ) ( )) ( )( ( , ) ( )) (0 )

d
pt q u x t h t a t u x t h t t T

dt
              (17) 

respectively. 

Using (2) and the compatibility conditions (8) and (9), we have 

, 0 0 0 0( , ) (0) ( ) (0) 0, ( ,0) (0) ( ) (0) 0tu x t h x h u x h x h            . (18) 

From (17), (18),  we conclude that conditions (5) are satisfied. The theorem  is thus 

proved. 

    3. Solvability of inverse boundary-value problem 

Obviously, [9],  

,...sin,cos,...,sin,cos,1 11 xxxx kk                                                 (19) 

is a basis in )1,0(2L ) , where ,...)1,0(2  kkk  . Since the system (26) 

forms basis in )1,0(2L  , it is obvious that for each solution { ( , ), ( )}u x t a t  

problems (1)-(3),(8),(9) first component ),( txu has the form: 

)2(sin)(cos)(),(
1

2
0

1 kxtuxtutxu k
k

kk
k

kk   








,                        (20) 

where  

,),()(
1

0
10  dxtxutu ,,...)2,1(cos),(2)(

1

0
1   kxdxtxutu kk   

,...).2,1(sin),(2)(
1

0
2   kxdxtxutu kk   

Then, applying the formal scheme of the Fourier method, to determine the 

desired coefficients ,...)1,0()(1 ktu k  , ,...)2,1()(2 ktu k   functions ),( txu , 

from (1) and (2) we obtained: 

           
2

10 10( ) ( ) ( ; , ) (0 )pt q u t F t u a t T      ,                                         (21) 

 )()()()()( 222 tutuqpttuqpt ikkikkik   

                ( ; , )ikF t u a ),0,...;2,1;2,1( Ttki                                          (22) 

10)0(10,10)0(10   uu ,                                         (23) 

        ,...),1;2,1()0(,)0(  kiuu ikikikik  ,                                        (24) 
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where  

1 1 1( ; , ) ( ) ( ) ( ), ( 0,1,...) ,k k kF t u a a t u t f t k    

1

10

0

( ) ( , ) ,f t f x t dx   

1

1

0

( ) 2 ( , )cos ( 1,2,...) ,k kf t f x t xdx k   

,)(2,)(
1

0

10

1

0

10   dxxdxx 

,,...)1,0(cos)(2,cos)(2
1

0

1

1

0

1   kxdxxxdxx kkkk   

2 2 2( ) ( ) ( ) ( ),k k kF t a t u t f t   

1

2

0

( ) 2 ( , )sin ( 1,2,...) ,k kf t f x t xdx k   

,...).2,1(sin)(2,,...)2,1(sin)(2
1

0

2

1

0

2   kxdxxkxdxx kkkk 

 

 

Now, suppose that 

.0
4

1
4 2

2
2

















pp


 

Solving the problem (21)-(24) gives 

10
10 10 10 2

0

( ) ( ; , )
( ) (0 )

( )

t
t F u a

u t t d t T
p q

 
  




    

  ,               (25) 








































 ik

k

k

k

k
k

ik t
q

p
t

q

p
tu 



 2

1

1

2 11
1

)(  

ik

kk

t
q

p
t

q

p

p

q





































12

11  

)2,1(

0

12

2)(

),;(1


















































  i

t
d

k

qp

qptk

qp

qpt

qp

auikF

p











,              (26) 

where  



PROCEEDINGS OF IAM, V.13, N.2, 2024 

 

253 

 

01
4

1
1

2

1
2

2
22

1 






























ppp

kkk
k


 , 

01
4

1
1

2

1
2

2
22

2 






























ppp

kkk
k


  

pp

kk
kkk

2
2

2

12 1
4

1
2


 














 . 

 

To determine the first component of the classical solution to the problem (1)-

(3), (8),(9) we substitute the expressions ,...)1,0()(10 ktu  , 

,...)2,1;2,1()(  kituik   into (20) and obtain 

10
10 10 2

0

( ) ( ; , )
( , )

( )

t
t F u a

u x t t d
p q

 
  




   

  




 















































1
1

2

1

1

2 11
1

k
k

k

k

k

k
k

t
q

p
t

q

p






 

k

kk

t
q

p
t

q

p

p

q
1

12

11 


































  

























































  xd

qp

qpt

qp

qpt

qp

auF

p
k

t kk
k 






cos
)(

),;(1

0

12

2
1

      




 
















































1
2

2

1

1

2 11
1

k
k

k

k

k

k
k

t
q

p
t

q

p






 

k

kk

t
q

p
t

q

p

p

q
2

12

11 


































  

.sin
)(

),;(1

0

12

2

2 xd
qp

qpt

qp

qpt

qp

auF

p
k

t kk
k 






























































               (27) 

 Now, using (20), from (9) we find 
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                                        
1 2

0( ) ( ) ( ) ,a t h t pt q h t f x t


      

    2 2

0 2 1 1

1

cos ( )k k k k k

k

x pt q u t u t   




                  

    2 2

0 2 2

1

sin ( ) ,k k k k k

k

x pt q u t u t   





   


                    (28) 

Differentiating (26) two times, we get: 





















 





















 ik

k
t

q

pk
t

q

p

q

p
kk

k
tiku 






12
1

11
121

1
)(  














 





















 ik

k
t

q

p
k

k
t

q

p
k 









11
11

12
12  

2 11 1

2 12

0

( ; , )
( 1,2) ,

( )

k kt
i k

k k

F u a pt q pt q
d i

p q p q p q

 


  
  

       
               

          (29) 





















 






























 ik

k
t

q

p
k

k
t

q

p
k

q

p
kk

k
tiku 










22
1)12(

21
1)11(

2

21
1

)(

 














 





















 ik

k
t

q

p
kk

k
t

q

p
kk

q

p










11
1)11(1

12
1)12(2  

2 12 2

2 2 1 13

0

( ; , )
( 1) ( 1)

( )

k kt

ik
k k k k

F u a pt q pt q
p d

p q p q p q

 


    

  

       
                 

  

)2,1(
2)(

),;(



 i

qpt

autkiF
.                                              (30) 

By virtue of (22) and (30) we have: 
2 2 2( ) ( ) ( ) ( ; , ) ( ) ( )k ik k ik ik ikpt q u t u t F t u a pt q u t          





















































ik

k

k

k

kkk
k

t
q

p
t

q

p

q

pqpt




 22

2

21

1

2

21

2

1)1(1)1(
)(

 

ik

k
t

q

p
kk

k
t

q

p
kk

q

p





















 























11
1)11(1

12
1)12(2



PROCEEDINGS OF IAM, V.13, N.2, 2024 

 

255 

 






























t k

qp

qpt
kk

qp

auikF
p

0

22
)12(23)(

),;(








     

             ,...)2,1;2,1(

21
)11(1 



























 kid

k

qp

qpt
kk 




   .          (31) 
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Thus, the solution of problem (1)–( 3), (8),(9) was reduced to the solution of  

  system (27),   (32) with respect to unknown functions   ),( txu  and )(ta . 

The following lemma is valid. 
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It is known that 
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Obviously, 
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Let us assume that the data of problem (1)-(3), (8)-(9) satisfy the following 
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1 2 1 2( ) ( ) ( ), ( ) ( ) ( ),A T A T A T B T B T B T     

 

Thus, we can prove the following theorem  

Theorem 2. Assume that statements 1-5 and the condition 

                           
2( ( ) ( ) 2) 1B T A T                                          (39) 

holds, then problem (1)-(3), (8),(9)  has a unique solution in the ball 

)2)(( 3  TARzKK
T

ER  of the space 
3
TE . 

Proof.  In the space 
3
TE , consider the operator equation 

,zz                                                                    (40) 

where   { , },z u a  and the components ( , ) ( 1,2),i u a i   of operator ( , )u a  

defined  

by the right sides of   (27) and (32) . 

Consider the operator ( , )u a in the ball RKK   out of 
3
TE  .Similarly to 

(38), we obtain that for any the estimates are valid: respectively and the following 

inequalities hold: 
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 3 3
2,

2

[0, ]
( ) ( ) ( ) ( , ) ( ) ( ) ( ) 2

T TE C T B
z A T B T a t u x t A T B T A T      ,       (41) 

         3 3,3
2,

1 2 1 2 1 2 [0, ]
2 ( ) ( , ) ( , ) ( ) ( )

T TE B C T
z z B T R u x t u x t a t a t       . 

(42)    

Then it follows from (39), (41), and (42) that the operator   acts in the ball 

RKK  , and satisfy the conditions of the contraction mapping principle. 

Therefore the operator   has a unique fixed point { } { , }z u a  in the ball 

,RKK   which is a solution of equation (40); i.e. the pair },,{ bau  is the unique 

solution of the systems (27) and (32) in RKK  . 

Hen the function ),( txu  as an element of space 
3
,2 T

B  is continuous and 

has continuous derivatives ( , ), ( , )x xxu x t u x t  in TD . 

Now, from (29) we get: 

    

















)1,0(2

0
)1,0(2

02

1

1

2
],0[

3 5252
))((

LL
k

TCikk
x

p
x

q
tu 







 

2

1

2
3 20 0

2 2( ) [0, ] [0, ]
1

2 5 2 5
( , ) ( ) ( ( ) ) .

T

T T
xxx k kL D C T C T

k

f x t a t u t
pq pq

 






 
   

 
   

 

This implies that ),,( txut ),(),,( txutxu txxtx  are continuous in TD  . 

Further, from (22) we have:    




























 









2

1

1

2
],0[

32

1

1

2
],0[

))((
2

))((
k

TCikk
k

TCikk tu
q

tu 


  

     
   2

1

2
3 2

2 2[0, ] 0,
0,11

2 2
( ( ) ) , , ( 1,2).k ik x xC T C T

Lk

u t f x t a t u x t i
q q








 
    

 


 

          

 It is clear from the last relation that ),( txutt  is continuous in TD  . 

It is easy to verify that Eq. (1) and conditions (2), (3), (8), (9) satisfy in the 

usual sense. So, { ( , ), ( )}u x t a t  is a solution of (1)-(3), (8), (9), and by Lemma 1 it 

is unique in the ball RKK  . The proof is complete. 

In summary, from Theorem 1 and Theorem 2, straightforward implies the 
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unique solvability of the original problem (1) - (5). 

Theorem 3.  Suppose that all assumptions of Theorem 2, 

 
1

0

0),( dxtxf  )0( Tt   and the compatibility conditions  (6),(7) holds. 

Then problem (1) - (5) has a unique classical solution in the ball 

)2)(( 3  TAzKK
T

ER  of the space 
3
TE . 
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